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ON THE USE OF THE INDICIAL FUNCTION CONCEPT IN THE ANALYSIS OF UNSTEADY 

MOTIONS OF WINGS AND WING-TAIL COMBINATIONS 

By MURRAY TOBAK 

,- 
SUMMARY 

The coneem! of indicial aerodynamic functions is applied to 
the analysis of the short-period pitching mode of aircraft. By 
the use qf simple physical relationships associated with the 
indicial-function concept, qualitative studies are made qf the 
separate e$ects on the damping in pitch of changes in Mach 
number, aspect ratio, plan-form shape, and frequency. The 
concept is .further shown to be of value in depicting physically 
the induced e#ects on a tail surface which follows in the wake of 
a starting forward surface. Considerable e$ort is devoted to 
the deuelopment qf t.heoretical techniques whereby the transient 
response in t<ft at the tail to the wing wake may be estimated. 
Numerical results for several representative cases are presented, 
and these are analyzed to reassess the importance (tf the contri- 
bution to the rotary damping moment ?f the interference lift at 
the tail. 

INTRODUCTION 

In the classical study of the longitudinal motion of an 
aircraft, it is usually found that the motion resulting from a 
small equilibrium-dcstro,ying disturbance consists of two 
modes: one, a lightly damped, low-frequency motion at 
cssent~ially constant attitude, called the phugoid oscillation; 
the other, a rotary-pitching and plunging oscillation of high 
frequency (relative to t,he phugoid frequency) called the 
short-period oscillation. The phugoid oscillatJion has gen- 
erally been clescribcd as resulting from a slow interchange of 
potential and kinetic energy as the aircraft experiences 
periodic variations in airspeed and altitude. The character 
of the phugoid .motion as influencecl by airspeed, altitude, and 
aircraft geometry has been well understood for some time 
(see, e. g., ref. 1). The short-period mot,ion, on the other 
hand, having in the past been found to be highly clamped and 
of short duration, has been the cause of no concern. Its 
characteristics therefore have not been as fully investigated 
as those of the phugoid oscillation. As flight speeds have 
progressed to the transonic and supersonic domains, however, 
the loss of rotary damping occurring in practically all aircraft 
at speeds near the sonic speed has caused renewed interest 
in the short-period pitching mode. Unlike the easily con- 
trolled phugoid oscillation, the deterioration of damping in 
the short-period mode is of serious concern to the pilot, since 
the period of oscillation can be of the same order of magnitude 
as the pilot’s reaction time. The oscillation may therefore 
be difficult or even impossible for the pilot to control man- 
ually. Furthermore, the additional load imposed upon the 

airframe due to a rapid growth of the amplitude of a nega- 
tively damped oscillation makes possible the occurrence of 
structural failure. It is therefore of considerable interest to 
obtain an understanding of. the nature of the short-period 
mode, parallel to that which has been gained of the phugoid 
mode. 

One means of viewing the aerodynamic phenomena occur- 
ring during the short-period oscillation from a fundamental 
standpoint is through application of the concept of indicial 
functions. In this approach, the variations with time of the 
aircraft angle of attack and angular velocity are replaced by 
a large number of small instantaneous or step changes. The 
transient aerodynamic reactions to these step changes are 
termed “indicial functions” ancl have been calculated for 
several classes of isolated wings (rcfs. 2 to 6). By suitable 
superposition of these results (refs. i’ to 9) the aerodynamic 
forces ant1 moments caused by the given maneuver can be 
studied. It will be the primary purpose of this report to 
make such a study for the simplified case of an aircraft per- 
forming single-clegree-of-freeclom rotary oscillations, a ma- 
ncuver which corresponcls to the short-period oscillation when 
the plunging velocity of the aircraft is zero. To effect this 
end systematically the report is organized in two main cate- 
gories: First the motion of a tailless aircraft is studied, and 
here existing theoretical information and the use of simple 
physical relationships associated with the indicial-function 
concept enables qualit#ative studies to be made of the sepa- 
rate effects on the aerodynamic forces and moments of 
changes in Mach number, aspect ratio, plan form, and fre- 
quency. In the second part, the motion of a tailled aircraft 
is studied, again by use of the indicial-function concept. 
Here, however, additional theoretical information is required 
to account for the interference effect of the wing and its 
wake on the transient lift at the tail, and several sections are 
devoted to the development of theoretical techniques where- 
by this effect may be estimated. Results of computations 
based on these techniques are analyzed, and the importance 
of the contribution of the interference lift at the tail to the 
rotary damping moment is re-established. In all of the 
above work, the aerodynamic forces and moments are those 
derived from analyses of the linearized equations of potential 
flow. Thus, the usual limitations imposed by the linear 
theory on the applicability of the results are in force here 
as well. However, in a somewhat different vein of inquiry, 
a final section is devoted to consideration of a problem in 
aircraft dynamics involving forces of nonlinear character. 

1 
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The effect on the rotary damping moment of an aerodynamic 
restoring moment containing a common type of nonlinearity 
is studied, and conditions are pointed out under which the 
development of a self-sustained rotary oscillation may be 
possible. 
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NOTATION 

bZ aspect ratio, - 
S 

lift coefficient E 
’ qos 

pitching moment pitching-moment coefficient, ____ 
&SE 

moment of inertia 
imaginary part 
free-stream Mach number, %  

real part 
wing (or tail) area 
flight speed 
speed of sound in free stream 
wing (or tail) span 
local chord 
wing (or tail) root chord 
forward wing mean aerodynamic chord, 
2 b/z 
so S 

(local chord)’ a;J 

two-dimensional lift coefficient, 5 

’ base of natural logarithms 

1/-1 
wz reduced frequency parameter, 2~, 

distance between moving vortex and leading edge 
of tail 

slope of wing (or tail) leading edge 
local load.ing (pressure on lower surface minus 

pressure on upper surface) 
angular velocity due to pitching 

free-stream dynamic pressure, i p,V,’ 

a,t’ 
time 
time required following an instantaneous change 

in angle of attack or angular velocity for the 
transient lift or moment to attain steady state 

perturbation normal velocity in plane of wing or 
tail 

averaged downwash in the plane of the tail due to 
steady angle of attack of forward wing 

averaged downwash in the plane of the tail due to 
steady pitching velocity of forward wing 

Cartesian coordinates 
distance from leading edge of M.A.C. to aero- 

dynamic center 
distance from leading edge of M.A.C. to axis of 

rotation 
xa. c. --x0 
angle of attack of wing center line with respect to 

free-stream direction (fig. 1) 

,pzq 
distance traveled, measured in half M.A.C. 

lengths, subsequent to an instantaneous change 
2V$ in angle of attack or angular velocity, 7 

perturbation velocity potential 
jump in perturbation velocity potential in plane 

of wing or tail 
angle of wing center line with respect to horizontal 

axis (fig. 1) 
acute angle between wing plane of symmetry and 

trailing edge (fig. 15) 
free-stream density 
angular frequency of oscillation 
distance traveled, measured in half M.A.C. 

lengths, in the time interval ti, 2V,t$ 

When CY, &, and p are used as subscripts, a nondimensional 
derivative is indicated, and this derivative is evaluated as 
the independent variable ( (Y, dr, or a) approaches zero. For 
example, 

: bC,- 

[ 1 
bpc 

( > 2vo g-w 

PART I-ISOLATED WINGS 

APPLICATION OF INDICIAL FUNCTIONS TO THE AERODYNAMIC THEORY OF UNSTEADY FLOWS 

One of the most useful tools in the study of unsteady 
flows is the concept of indicial aerodynamic functions, which 
may be defined briefly as the aerodynamic response of the 
airfoil as a function of time to an instantaneous change in 
one of the conditions determining the aerodynamic properties- 
of the airfoil in a steady flow. Theoretical aerodynamic 
indicial functions were first derived by Wagner (ref. 2) for 
the two-dimensional wing in incompressible flow. More 
recently, these results have been extended to cover the com- 
pressible case for both subsonic and supersonic speeds (refs. 
3 and 4). In addition, theoretical indicial functions have 
now been obtained for both wide and slender triangular 

wings and rectangular wings, all for supersonic speeds (refs. 
4 to 6). 

The indicial function derives its usefulness primarily 
through the ease with which it lends itself to the powerful 
and well-established methods of the operational calculus 
(refs. 7 to 9). With the use of these methods, the aerody- 
namic forces and moments caused by arbitrary motions of 
the airframe can be studied from a fundamental standpoint. 
Because of the wide range of applicability of this means of 
approach in unsteady flow analyses, a considerable portion 
of the succeeding discussion is devoted to the fundament.als 
involved. 
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I 
DEFINITION OF COORDINATE SYSTEM 

In the succeeding analysis the stability system of axes is 
used. The origin of the coordinate system is placed in the 
airfoil so that the y axis which is perpendicular to the vertical 
plane of symmetry is coincident with the axis of rotation of 
the airfoil; the positive branch of the x axis is pointed in the 
direction of flight; and the z axis lies in the vertical plane of 

J _ --symmetry, .,positive downward. _ The.--angle of attack a is 
measured as the angle between the chord plane of the airfoil 
and the xy plane, and is shown as positive in figure 1. The 

/’ 
r-Flight path 

FIGURE l.-Definition of coordinate system. 

,-Flight path 

Angle of pitch = 8 
Angle of attack = 0 

Here a and 0 are equal, so that the maneuver is defined by 
one variable, the time history of either a! or 0. Let the angle 
of attack be cr and the angular velocity be p (q=dO/dt’ 
=da/dt’). At any instant, the normal velocity at any 
point on the airfoil surface is composed of two parts, one 
due to the instantaneous angle of attack aV,, the other due 
to the angular velocity at the same instant --pa: (see fig. 3). 
These are two of the instantaneous boundary conditions of 
the unsteady flow. 

Solutions for the aerodynamic forces and moments which 
correspond to these boundary conditions may be derived by 
a number of methods involving various degrees of approxi- 
mation. In succeeding sections, the use of the concept of 
indicial functions and the principle of superposition for this 
purpose will be illustrated and compared with other current 
widely used methods. 

CONCEPT OF INDICIAL FUNCTIONS 

In order to illustrate this concept, assume that the airfoil 
under consideration has been flying a level path at zero angle 
of attack. At some time, which is designated time zero, the 
wing is caused to attain simultaneously a constant angle of 

Angle of pitch =0 
Angle of attack= 0 

FIGURE 2.--Maneuvers corresponding to purely (a) angle of pitch and (b) angle of attack varitaions. 

angle of pitch e is the angle between the chord plane of the 
airfoil and the horizontal plane (an arbitrary reference) and 
is also shown positive in figure 1. Forces are measured as 
positive upward, whereas pitching moments are positive when 
tending to increase the angle of pitch in the positive direc- 
tion. When the airspeed V, is constant, which corresponds 
to the condition under study, the translatory and angular 
motions of the airfoil with respect to any system of coordi- 
nates are defined if the time histories of the angle of attack 
(Y and the angle of pitch e and their derivatives are known. 
For purposes of clarit,y, two different harmonic motions of the 
aircraft are shown in figure 2, illustrating the difference 
between a flight path which involves a constant angle of 
attack and a varying angle of pitch and one which involves 
a constant angle of pitch and a varying angle of attack. 

Now consider the case of a wing executing harmonic rotary 
oscillations about the y axis while the origin of the coordi- 
nate system traverses a level path at constant velocity V,. 
This case corresponds to that of a wind-tunnel model 
mounted to permit single-degree-of-freedom rotary oscilla- 
tions, or to the short-period mode of an aircraft in flight 
when the plunging velocity of the center of gravity is zero. 

. 

LNormal velocity-qx due to angular 

FIGURE 3.-Unsteady flow boundary conditions at airfoil surface. 

attack LY and angular velocity q. The normal velocity of the 
flow next to the surface of the airfoil therefore changes dis- 
continuously from zero to a pattern that is constant with 
time and identical in shape to the pattern shown previously 
in figure 3. The lift and pitching moment that result are of 
a transient character and attain their steady-state values 
corresponding to these new boundary conditions only after a 
significant interval of time has passed. It should be noted 
there exists an essential difference between the length of this 
time interval at subsonic and supersonic speeds. At super- 
sonic speeds, the vorticity shed into the airfoil wake cannot 
influence the flow about the airfoil but at subsonic speeds this 
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influence exists for till time. The result is that the lift and 
moment reach steady-state values in a finite time at super- 
sonic speeds but approach these values asymptotically at 
subsonic speeds. In either case, however, the time responses 
in lift and moment to the step changes in (Y and q are termed 
“indicial functions.” Figure 4 illustrates typical subsonic 
and supersonic indicial lift responses to a step change in 
the angle of attack. 

FIGURE S.-Typical indicial lift responses to step changes in angle of 
attack. 

It is obvious that the time history of the wing motion 
during a short-period oscillation may be broken down into 
an infinite number of infinitesimally small step changes in 
the angle of attack and step changes in the angular velocity. 
The summation of the indicial lift and moment for these 
steps then yields the total lift and moment at any prescribed 
time. In figure 5, the mechanics of the procedure are 
illustrated for an arbitrary angle-of-attack variation. Here, 
the given angle-of-attack variation is replaced by a number 
of small step changes. Within each step the corresponding 
response in lift is shown plotted for convenience. It is then 
apparent that the total lift at time t’ is equal to the sum of 
the increments of lift in each step at time t’. As indicated 
by the leaders, however, it is clear that the increments of 

a 

FIGURE 5.-Illustration of superposition process. 

lift for the various steps at time t' are equivalent to incre- 
ments in the first step at time C-t;. Alternatively, then, the 
total lift at time t' can be written as 

CL(t.(t’)=CL,(t’)a(0)+~~&r-t;) $ (t;)At; (1) 
0 

After a transformation of variables, t'--ti=r and letting the 
increment of time approach zero, equation (1) can be re- 
written in a form of Duhamel’s integral (see, e. g., ref. 9) 

A similar procedure is carried out for the angular velocity 
variation, whereupon the total lift coefficient at the prescribed 
time t’ becomes 

It should be pointed out that in this form equation (3) is 
applicable to the analysis of arbitrary motions, the only 
restriction being that the flight speed is constant. In the 
following sections, however, the application of equation (3) 
is restricted to harmonic motions having a single degree of 
freedom. The reasons for this restriction are two-fold: 
first, the motions of a statically stable aircraft in response 
to a disturbance are most generally of a harmonic nature; 
and second, such a restriction permits an assessment of the 
influence of the time rate of the airfoil motions on the 
aerodynamic forces and moments. 

APPLICATION OF INDICIAL FUNCTIONS TO HARMONIC PITCHING 
OSCILLATIONS 

Consider first a pure sinusoida, pitching oscillation, the 
angle of attack being zero throughout the motion. The 
flight path for such a motion has been illustrated in figure 

2 (4. In this case, the angle of pitch is given by 

O(t’)=O,ei”t’ 

where BO is the maximum amplitude of oscillation and w is 
the angular frequency. The angular velocity is, of course, 
q(t’)=B=iweoei~~‘=iwe(t’). Inserting the value for q(t’) 
in equation (3) and performing t.he indicated operations, 
there results 

Fote in figure 6 that CL, (T) is equal to CLQ(t’)-p2(~), 
and that P’*(T) approaches zero as 7 a.pproaches t’. 
Replacing PrJ7) in equation (4) by this equality, 

For subsonic speeds, let t’ approach infinity. With this 
substitution, equation (5) thereby represents the lift coeffi- 
cient due t,o the harmonic pitching motion after the transient 
loading subsequent to the start of the motion has reached 
a steady periodic variation. Then separating equation (5) 
into components in phase (real part) and out of phase 
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FIGURE 6.-Definition of the function J’~(T). 

(imaginary part) with 8, there is obtained 

Introduce the nonclimcnsional parameters, 

2 I’, ‘p=-r T number of half M. A. C. lengths traveled in time 7 

k=cvt reduced frequency. 

In t,erms of these parameters, equation (6) becomes, for nfO 
<I, 

R.P. (~)=k2S,mF&+ cos kqdp 

I 

(7) 
I.P. (%)=k [CLc,( a)--kJmf;(p) sin k&p] 

At, supersonic speeds, equations (7) may be simplified 
somewhat since the build-up in lift is completed in a finite 
number of half M. A. C. lengths of travel Us. In equations 
(7), therefore, the upper limits of the integrals may be re- 
placed by ca, since beyond that point F2(q) is identically zero. 

R.P. ($)=k2~F&) cos kpdq 

cp 2 0; 

MO>1 1 (8) 

I.P. ($-)=k [CL&o-J-krF,(p) sin k&p 1 J 
Thus it appears from equations (7) and (8) that there are 
both in-phase and out-of-phase lift forces associated with the 
harmonic pitching oscillation. Notice, however, in equations 
(8) that if the trigonometric terms are expanded and the 
reduced frequency is required to be small compared to unity 
(corresponding to the frequencies encountered in dynamic 
stability work), terms containing second and higher powers 
of k will be small compared to first-order terms. Thus, for 

low frequencies, the only force of consequence during the 
pitching oscillation is the first order in frequency out-of-phase 
lift force, ikeCLQ(cr,).l The phase relationships for the 
harmonic pitching oscillation are indicated in figure 7. It is 
evident that the total lift leads the angle of pitch by nearly 
9o”. 

APPLICATION OF INDICIAL FUNCTIONS TO HARMONIC PLUNGING 
OSCILLAIIONS 

Next, consider a purely sinusoidal variation of the angle of 
attack, the angle of pitch being zero throughout the motion. 
The flight path for this motion has been illustrated in figure 
2 (b). Here, a equals ~,e~~~‘? where, as previously, (Y, and 
w are the maximum amplitude and angular frequency, 
respectively. Applying equation (3) again, 

ik8 

ik8CLq(oo)---- 

fn 

,.-C,wJl) 

0 

F~nrrm 7.-Phase relationships for harmonic pitching oscillation. 

= iwc&‘) J’ “” C,=(~)e-iwrnT+O(gC~,(t’) (9) 

Now, as in the previous example, let (IL,(T)=C~J~‘)-FI(T) 
so that, equation (9) becomes 

CL(t’)=&,CLa(t’)-iwa(t’) 
s 

I’ Fl(T)e-‘WrdT (10) 0 * 

Again, introduce the nondimensional parameters cp and k, 
separate equation (10) into its real and imaginary parts, 
and let ‘p approach infinity for subsonic speeds and ua for 
supersonic speeds. There results, 

R.P. 2 =Cfi-(X)-k 
0 S ‘F&) sin kpdcp 

0 
X=m, M,<l 

X=u,, M,>l 

I.P. (%)=-kl F&p) cos kpdp 

01) 

1 This quantity is, of course, the same lift force in phase with the pitching velocity which 
would occur alone had the wing been executing a steady turn (q constant). One of the chief 
advantages of the indicial response method, at least for supersonic speeds, is the ease mitb 
which the relative importnnce of the various terms contributing to the totgl lift and moment 
can be assessed and the sources of the important contributions identified. 

1-~- 322334-55-2 
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Notice in equations (11) for supersonic speeds that when the 
trigonometric terms are expanded for the low frequency 
case, as was done in the previous example, there appears an 
in-phase term of zero order in k, arCLU(u,), and an out-of-phase 

term of first order in k, --ika 
s 

ua FI(cpkb. These, then, are 

the principal contributions to’ the lift forces for the low- 
frequency angle-of-attack variation. The phase relation- 
ships for this motion are shown graphically in figure 8. For 
this case, it is evident that the total-lift force can lag behind 
the angle of attack because of the negative out-of-phase 

contribution, -ikar 
s 

=a F,(c,o) cos kcpdp. 
0 

4q(total) 

FIGVRE P.--Phase relationships for harmonic plunging oscillation. 

APPLICATION OF INDICIAL FUNCTIONS TO HARMONIC ROTARY 
OSCILLATIONS 

Finally, consider the case of harmonic rotary oscillations. 
Here, as previously mentioned, the normal velocity over the 
wing surface is com.posed of contributions from both the 
angular velocity and the instantaneous angle of attack, so 
that the complete expression in equation (3) must be em- 
ployed to obtain the total lift. However, for single-degree- 
of-freedom rotary oscillations, CY equals 0 and & equals p, so 
that in this case the separate expressions given for the 
harmonically pitching wing (eqs. (7) and (8)) and the 
harmonically plunging wing (eq. (11)) can be combined to 
give the total lift. for a wing executing harmonic rotary 
oscillations. Then, adding the results of equations (7), (8) 
and (II), the in-phase and out-of-phase components of the 
total lift become 

R.P. $ =C&--ks’Fl(q) sin kpdp+k’s’ F2((p) cos kpdq 
( > 0 0 

(124 

X=m, Mo<l 

X=u,,M,>l 

I.P. (%)=k[c,Jh)-kcF,() sin kpdtp-1 Fl(p) cos kpdp] 

Wb) 

The phase relationships for the rotary oscillation may, of 
course, also be obtained by directly adding the results given 
in figures 7 and 8. The result of this addition is shown in 
figure 9. 

FIGURE Cl-Phase relationships for harmonic rotary oscillation. 

It will be noted in figure 9 that the total-lift force can either 
lag behind or lead the angle of attack, depending on the 
relative magnitudes of the three terms comprising the 
out-of-phase lift. The total lift is shown lagging behind the 
angle of attack in figure 9, which situation, for axis positions 
ahead of the point of concentration of the total lift, gives rise 
to the possibility of the development of divergent rotary 
oscillations. 

Again, the complete frequency-dependent equations for 
the total lift of a wing in supersonic flow due to the rotary 
oscillation (eqs. (12), X=ca) ma,y be reduced to first order 
in k for the low-frequency case in the same manner as was 
described in the two previous examples to give 

R.P. $ =C&,) 
( > 

I.P,(z)=k [G&J-~ Fi(c)dp] 
(13) 

For all three examples, the same procedure may, of course, 
be used to obtain the pitching-moment coefficient. Only 
the pitching-moment equations for the rotary oscillation are 
presented below, since the correspondence between the lift 
and moment equations is obvious. For the rotary oscilla- 
tion case, then, 

R.P. =C,,,(A)-ks’ F3((p) sin kpdp-l- 
0 

k2 A S F&P) ~0s kdcp 0 
X=m, M<l 

X= Ua, Mo>l 

where, a.s previously, 

and 
F4(~) = C,,(X) - C,,(cp> 

(14) 
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Again, reducing equations (14) for supersonic speeds (X=u,J 
to first order in frequency, there results 

however, the anamolous result can be considered to be a 
consequence of assuming a two-dimensional flow, and there 
is reason to believe that the difficulty as the frequency 
approaches zero will not exist for finite-span wings. 

As has been mentioned previously, the use of the character- 
I.P. (+)=k [Cm&J-~F3(,)dp] (15) 

The -complete- frequency-dependent---equations ‘for the lift 
and pitching-moment coefficients for the rotary-oscillation 
case (eqs. (12) and (14)) describe completely t.he aerody- 
namic forces and moments resulting from the single-degree-of- 
freedom pitching mode. For the purposes of the present 
discussion, however, it is sufficient to limit consideration to 
the simpler first order in frequency results of equations (13) 
and (15). The significance of the effect of the higher order 
terms on the out-of-phase pitching moment will be examined 
in a later section of this report. 

Wit.11 regard to the first-order results for the supersonic 
lift and pitching-moment coefficients, it is instructive to 

note that t.he quantities S ‘OFI (p)dq and S uaF3(cp)dq in 

equations (13) and (15) are ripresented geometf:ically by the 
areas of the shaded portions of figure 10. . 

%7 t 

I“IC.TRE lo.-Geometric representation of the functions 
s 

uak’~(+)d& and 
0 

istic areas S uaF,(cp)dp and S uaF3(p)dp will be shown to be of 
0 0 

considerable value in estimating the damping-in-pitch 
characteristics of wings at supersonic speeds. For the two- 
dimensional wing at subsonic speeds, the singularity as 
k+O prevents the use of such a simplified approach without 
further study. However, rather than return to the use of 
the full frequency-dependent equations ((12) and (14)), the 
reduction of the equations for the out-of-phase lift and 
moment to first order in frequency will be made in such a 
manner as to preserve the significance of these areas. To 
accomplish this end, equation (12b) is reconsidered. It is 
evident that the first integral in equation (12b) may be 
discarded, since its contribution to the out-of-phase lift is of 
third order in frequency. The second integral is divided 
into two parts: 

where cpl is chosen such that Fl(pl) is close to zero. The 
first integral in equation (16), being bounded, then causes no 
difficulty. Expanding the trigonometric term and retaining 

only the first term. in the expansion, there results S “F, (cp)&~, D 
which is the characteristic area out to the point cpl. Now 
for la.rge values of ‘p, F,(p) is approxim.ated in reference 4 
by 

The manner in which these areas are affected by variations 
in Mach number, aspect ratio, plan-form shape, and fre- 
quency will be used as a guide in later sections of this report 
to determine the significance of these parameters. 

In the foregoing discussion, no mention has been made of 
reducing the comp1et.e equations for the lift and moment 
coefficients at subsonic speed (eqs. (12) and (14), X= m) to 
first order in frequency as was done for the equations noted 
as applying at supersonic speed. It is evident that if the 
same procedure had been applied for subsonic speeds, the 

S 
m 

area corresponding to the term F,(cp)dp can either be 

finite or can become infinitely lirge, depending on the 
manner in which the indicial lift function CL,(~) approaches 
its steady-state asymptote as ~+a. In the latter case, 
there exists the interesting annmoly of an infinite out-of-phase 
lift force as the frequency approaches zero. As can be seen 
from the results of reference 4, such will be the case for the 
two-dimensional wing. This result as the frequency ap- 
proaches zero is not peculiar to the indicial a.nalysis alone, 
but has been pointed out by a number of authors using 
different approaches. As indicated by Miles in reference 10, 

where the values of 11, a, and b are dependent on Mach 
number, and are given for M,=O, 0.5, and 0.8 in reference 4. 
Inserting this quan.tity in the second integral in equation 
(16), we have 

Performing the indicated integrations in equation (17), 
there is obtained a term, pb/u+p,, from the second integral, 
and a term, -pCi[k(a+(p,)] from the ‘first integral. For 
small values of the argument, the cosine integral is approxi- 
mated by (see ref. 11), 

. 

k(a+cpd-+=O 

where Y is Euler’s constant, 1.78107. Then, through the 
first order in frequency, 
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where 

The out-of-phase moment for pitchmg about the leading edge 
follows from the above development, with the added result 
of reference 4 that for large values of cp, 

Then, through the first order, 

13. (%)=k [C,,(-)-f’F&)&-; Gh,k)] (18b) 

Thus, after fixing pl, choosing a (small) value of k, and 
computing G(L~~, k), the finite areas corresponding to the 

terms - 
s 

“F, (cp) &,o and - 
0 s 

“F3 (‘p) C&O can be assessed in the 
D 

same manner as will be done for the supersonic case, The 
advantages of such a procedure will be evident later. 

CORRESPONDENCE BETWEEN INDICIAL LIFT AND MOMENT ANALYSIS 
AND OTHER METHODS 

Before proceeding further with applications of the indicial 
response method, it is appropriate to discuss the relationship 
of this approach to other widely used methods. 

Following the fundamental papers of Bryan and Routh, 
which introduced the basic differential equations of motion 
of rigid bodies and their stability criteria, the historical 
development of the theory of longitudinal motions of an 
aircraft evolved separately in two fields of research: dynamic 
stability and flutter. Workers in the dynamic stability 
field soon found that the longitudinal oscillations of a rigid 
aircraft in flight were generally of small reduced frequency. 
On this basis, the constants due to the aerodynamic proper- 
ties of the airframe which appear in the differential equations 
of motion were considered to be independent of frequency. 
As a first approach to t.he problem of obtaining the necessary 
aerodynamic coefficients analytically, the instant,aneous 

normal velocity distribution at the surface of the airfoil was 
assumed to be constant with time. The aerodynamic forces 
and moments arising from the fixed boundary conditions 
were then calculated using steady-flow theory. Later, this 
assumption was realized to be an over-simplification for the 
case of wing-tail combinations and an additional term, essen- 
tially correct to the first order in frequency, was added which 
accounted for the lag in the tail pitching moment caused by 
the time required for the vorticity discharge from the wing 
to reach the tail (see ref. (12)). Since at low speeds the pitch- 
ing moment of the tail far outweighs all other contributions, 
the results from steady-flow theory together wit.11 the term 
accounting for the vorticity lag satisfactorily predicted the 
dynamic longitudinal motions of wing-tail combinations, 
and it was concluded that the major aerodynamic effects 
had been taken into account. In recent years, however, 
numerous authors (in particular, Miles; see, e. g., ref. 10) 
have pointed out that the above-mentioned theory overlooks 
important contributions to the aerodynamic forces and 
moments which, though still within the first order in fre- 
quency approximation, arise from time-dependent boundary 
conditions and must be calculated from unsteady-flow theory. 
It has been shown by these authors that with proper inclusion 
in the equations of motion of these coefficients, the deteriora- 
tion of damping in the short-period mode actually occurring 
for aircraft flying at speeds near the speed of sound can be 
successfully predicted. The consequences of the assump- 
tions involved in the classical dynamic-stability theory will 
be more evident from a brief review of the equation of 
motion and boundary conditions for the single-degree-of- 
freedom rotary oscillations of a rigid wing flying at constant 
supersonic speed. At the very outset, the assumption is 
generally made that the aerodynamic reactions to the motion 
of the airframe depend only on the angular position and 
angular velocity and not upon angular accelerations or higher 
time derivatives. The equation of motion for the change in 
pitching moment following a displacement from an equilib- 
rium position is then written in the form of a power series 
in LY and dr: 

‘It should be rem.embered that for the rotary-oscillation case, 
the airfoil is subjected to changes in both angle of attack LY 
and angular velocity q, and that these motions produce 
normal velocity patterns at the airfoil surface which are 
different in character. Thus, although for the single-degree- 
of-freedom case, & and 4 are equal, nevertheless their sep- 
arate effects must be considered and it is therefore necessary 

an to include both b(gZ,21,,,) and GL 
b (&G/2 I*‘,) 

in equation (19). 

Next, if it is assumed that the moments are linearly de- as the pitching moment due to a constant pitching rate: 
pendent on their respective variables, the second and higher- t,hat is, Cm&a,), while the derivative X7,/& becomes the 
order terms in equa.tion (19) may be discarded and the re- pit.ching moment due to a consta.nt angle of attack, tha,t is, 

(19) 

maining partial derivatives considered as constants for the 
given wing. There remains, therefore, a linear second-order 
system with constant coefficients. In order to calculate the 
coefficients (termed stability derivatives) theoretically it be- 
came necessa.ry, for la.& of more refined theoretical methods, 
to assume that the instantaneous normal velocity of the flow 
at the surface of the wing was fixed with respect bo time. 

Thus, the partial derivative -?L 
wF/2Vo) 

could be calculated 
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Cma(a,>. As a consequence of fixing the normal velocity 
pattern in time, however, it was necessary to assume that 

the derivative aciz 
b(&i5/2V3 was zero- There was therefore no 

possibility for this theory to predict the occurrence of dy- 
namic instability for a wing alone, since the only damping 
term remaining is C!m,(~,), which is always stabilizing. When 

J1 _-. the re&riction,of constant normal velocity .with time is lifted, 
however, the assumption is then made that the stability 
derivatives in equation (19) may be calculated separately 
by fixing each of the independent variables CY, Cr, and p in 
turn with respect to time. The derivatives C&a,) and 

” 

C&C~,) thus remain unchanged, but the derivative a(ky&, 
n 

. I I, 

(or C,,) can now be included and calculated as the pitching 
moment due to a constant vertical acceleration, &I’,. It 
should be emphasized that while Cm,(aa) and Cm,(a,) may be 
calculated from steady-flow theory by virtue of the sssumed 
invariance with time of the normal velocity pattern, Pm, 
must be calculated from unsteady-flow theory since for con- 
stant dr the angle of attacli varies linearly with time, as does 
the normal velocity of the flow at the surface. 

It is clear that since the stability derivatives in equation 
(19) are assum.ed to be independent of the frequency, the 
result for the aerotlynam.ic pitching-mom.ent c0efficien.t is 
thereby limited to one that is correct only to the first order 
in frequency. For the case of single-degree-of-freedom 
harmoaic rotary oscillations, then., the in-phase and out-of- 
phase components of the total aerodynamic pitching-m.om.ent 
coefficient, correct to the first order in frequency, become 

(20) 

By comparison with the first-order in frequency result from 
the indicial response analysis (cq. (15)), it is eviclent that 

the two results are identical if the quantity - 
s O” F3((P)& 0 

can be shown to be equivalent to Cmdr(uu). To show this 
equivalence, consider a wing, initially in level steady flight, 
which is suddenly forced down with constant vertical accel- 
eration &I’,. As seen in figure 11, the angle-of-attack vari- 

2 (0) I(4 2 
FIGURE Il.-Flight path corresponding to sudden uniform normal 

acceleration A Vo. 

I _- ~-~-- ~~ 

ation in this case is a=&‘, where & is a constant. Then 
applying the counterpart of equation (3) for the pitching 
moment 

d ” 
G@‘>=~ * s 

C,,&)a(t’- T)d7. 

Insert*ing a(t’-7) =&[t’-T], and performing the indicated 
differentiation, 

C&‘)=&j%n&-)d. 
0 

Now replace Clnl,(~) by C,,(t’)-F3(r) and let t’ be greater 
than t:. 
Then cm(t’)=a(t’)Cm,(t:>-& s ” F3(T)dT 

0 

and nondimensiorializing, by replacing t’ and t: by CpJZV, 
and Zu,/2V,, we have, 

Thus, the pitching mom.ent proportional to the constant 
vertical acceleration parameter &C/2V,,, which is syn.ono- 
m.ous with the definition of the stability derivative C,,, is 
founcl to be equivalent to the pitching-m.om.ent contribu- 
tion due t#o dr for the first order in frequency rotary-oscillation 
case.2 Therefore, t,he results of the inclicial response method, 
when recked to the first order in frequency for supersonic 
speeds, are identical to the results from the familiar first- 
order t.heory used in clynamic stability work3 

Workers in. the field of flutt.er, who were concerned with 
frcquencics m.any tim.es those encountered in dyn,amic- 
stability analyses, required theoretical information showing 
the behavior of the forces am1 mom.ents as affected by the 
frequeacy of oscillation,, and therefore discarded the first- 
order theory for more precise met~hotls of analysis. One of 
the m.ost useful of these has been the “oscillating potential” 
theory, which is based on solutions of the time-dependent 
linearizecl equation of com.pressible potential flow for the 
case of harm.onic m.otioas. The in-phase and out-of-phase 
lift and moments are thereby determined, generally as 
fumtions of powers of the reduced frequency, aspect ratio, 
Mach aumber, and position of the axis of rotation. The 
application of this m.ethod, which developed in this country 
prim.arily as a result of Theodorsen’s work for incompressible 
flow (ref. 13) has recently produced a number of useful 
papers covering a wide variety of wings at supersonic speeds 
(see, e. g., refs. 14 to 18). It has been shown by a number of 
authors, in particular, Garriclr, in reference 7, that through 
the use of superposition m.ethods the results for the aero- 
dynam.ic coefficients obtained from the oscillating potential 

2 By the same procedure. the stability derivative CL,(U.) can be shown to be equivaloot 

s 

00 
:o the term - Flbhi~. 

0 
3 Notice in equation (21) that if (T~ is replnccd by infinity, the results apply to subsonic m 

speeds. For the two-dimensional wing, the analogy between C,,,& and - 
s 

F&)dq then 

:ives only the previously mentioned singularity at infinity as k-0. If tke ares correspond- 
m 

ing to 
s 

F&~)dp mere flnite, however, the analogy would be equally useful for subsonic 
0 

as ~~11 as supersonic speeds. 
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theory are wholly compatible with those of the indicial 
response method applied to harmonic motions (eqs. (12) 
and (14)). 

Thus the indicial response method may be applied with 
equal validity to problems in both the fields of dynamic 
stability and flutter. In many cases, however, application 
of the specialized approaches mentioned above may result 
in greater economy of effort. The chief virtue of the indicial 
response method is that it represents a fundamental ap- 
proach to the problem of unsteady flow, and affords valuable 
insight into the physical nature of the aerodynamic phenomena 
taking place. 

PHYSICAL CONCEPTS RELATING TO THE INDICIAL LOADING 

It has been shown that for even small frequencies, the 
pitching moment of an airfoil in harmonic rotary motion 
can lag behind the angle of attack of the airfoil. The mag- 
nitude of the lag depends on the character of the indicial 
response to a step change in angle of attack. It is therefore 
of interest at this time to re-examine the physical nature of 
the flow that contributes this lag. 

Consider first the lift and moment at the instant the angle 
of attack changes, assuming that previous to time zero, the 
wing has been flying a level path at zero angle of attack. 
At t'=O, the wing begins to sink, without pitching, with 
constant downward velocity aTi, while maiutaining its 
forward velocity. The angle of attack therefore chaages 
discontinuously from zero to a constant CL At the same 
instant, the step change in angle of attack causes the emission 
of a compression wave from each poiut on t,he lower surface 
of the wing and expansion waves from points on the upper 
surface. In the infinitesimal time during which the starting 
action occurs, each section of the wing experiences the same 
impulsive force, and by equating the im.pulse to the m.om.en- 
turn t.ransmitted to the mass of fluid affected by the starting 
waves, the starting lift coefficient can easily be derived as 
4a/M, (see ref. 3). Durin.g the infinitesimal starting tim.e, 
the pressure disturbances from. the edges of the airfoil, 
propagated at the speed of sound, travel an insignificant 
distance and do not influence the remaincler of the airfoil. 
The lift coefficient is therefore independent of the wing plan 
form. This remarkably simple result for the starting lift 
coefficient, which is valid for both subsonic and supersonic 
speeds, is thus dependent solely on the flight Mach num.ber. 
The starting pitching moment follows directly from the 
above result, since by virtue of the uniformity of loading the 
aerodynamic center is loca,ted at the wing centroid of area. 

For values of time greater than zero, however, the situ- 
ation differs radically for the supersonic and subsonic speed 
ranges. Consider first the supersonic case. As time passes, 
the spherical sound waves emitted at t’=O grow in size 
with radius a$. The wing, however, is moving forward at 
a faster rate than the rate of growth of the starting sound 
waves and thus begins to em.erge from the influence of these 
waves. This is shown schematically in figure 12. (Note in 
fig. 12 that the wing moves away from a coordinate system 
that is fixed in space at the original position of the wing 
leading edge.) 

I ,------Leading edge at t; ti 

,--Starting sound waves 
from leading edge 

-J 
starting y.aves :--,:,,A A  
from II 

r! 

t 
X 

FIGURE 12.-Relation of wing positiou to startiug souud waves for 
supersonic speed. 

At t/=0, the starting waves just cover the wing and the 
loading is uniform as described previously. At t’=ti, the 
starting waves have grown in radius and the wing has begun 
to emerge from their influence. On that portion of the wing 
which has emerged, region @  in figure 12, the loading has 
already reached its steady-state value. Notice that in this 
region the characteristic tip Mach cone has already formed. 
On the portion of the wing uninfluenced by the starting 
waves from the edges, region @  in figure 12, the loading is 
still uniform as at t’=O. In regions @  and .@ ,the loading is 
influenced by the starting waves from the leading and side 
edges, and in these regions is thus different from the loading 
in either region @  or 0. As time increases still further, the 
uniform starting load quickly disappears as the sound waves 
from the leading edge grow in size and as the wing moves 
forward. Finally, at time ti, the envelope of the starting 
waves from the leading edge is coincident with the trailing 
edge of the wing, and the steady-state loading corresponding 
to the new angle of attack cy has been complet,ely established 
over the wing. 

The above relat.ionships can be shown more clearly for the 
entire time interval zero td t: for a two-dimensional wing 
by plotting as a function of time the position of the wing 
leading and trailing edges and position of the envelopes of 
the sound waves which emanate from the leading and trail- 
ing edges at t’=O. Such a plot is shown in figure 13. 

It is clear that at t’=t: the regions of the wing 0, 0, and 
@  correspond to the same regions at t’=t: for the wing 
shown in figure 12. For t’=O and in region @  the loading 
is uniform and is given by 4a/Ma. Note also in figure 13 
that disturbances created by the vorticity shed into the 
airfoil wake at t’=O and all subsequent times cannot in- 
fluence the flow over the airfoil itself. For t’>t: and in 
region (iJ the wing has out-stripped the starting waves from 
the leading edge and has attained its steady-state loading. 
For t’<tA the chordwise loading is composed of combinations 
of the loading in each of the three regions shown in figure 

- I 
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-Shed vorticity 

‘u:Trace of starting sound 
\ 

waves from leading edge 

FIGURE 13.-Relation of wing position to starting sound waves for 
supersonic speed. 

FIGURE 14.-Indicial loading on two-dimensional wing at supersonic 
. speed. i 

14.4 Since the loading on the wing attains its final steady- 
state distribution at precisely the time when the wing has 
emerged entirely from the influence of the starting sound 
waves from the leading edge (or apex), the time to reach 
steady state may be easily calculated for any type of wing 
by means of the geometric relationships shown in figure 15. 
It may be easily verified that ti, the time required for the 
wing to attain its steady-state loading, is given by either of 

4 The reader will note the similarity between figure 13 and sketches depicting the bound- 
ary conditions for three-dimensional wings in steady supersonic flow. Many researchers 
hove pointed out the analogy and it has been llsed to calculate the pressure over a wing 
i mp~~lsively starting from rest (refs. 3 and 4). 

Leoding edge at t’=tA--. 

Trace at t’= ti of starting 
sound wave from ap 

Leading edge at t’= 0~~ Q= 

FIGURE 15.-Geometric relationships between wing and starting sound 
wave at time t:. 

the following relationships: 

CL&-f0 
. 

t~=vo(Mo-csc v)’ 
Mo,rsc v+F cos v, VI ; 1 

The second of equations (22) applies to that range of Mach 
numbers for which the trace of the starting sound wave from 
the apex is not tangent to the trailing edge at t’=ti. Notice 
that for wings having st.raight or sweptforward trailing 
edges and straight ‘or swcptback leading edges, equation (22) 
reduces to 

(23) 

In terms of the number of half M. A. C. lengths of travel, it 
t,hus appears that for wings having straight or sweptforward 
trailing edges and straight or sweptback leading edges, 

(24) 

whereas for wings having sweptback trailing edges and 
straight or sweptback leading edges, 

2~0 Mo 
aa=-r (MO-csc v) ~nl,rcscv+~COSv,Yj~ 

(25) 

Now consider the subsonic case. Here the situation is 
more complicated in that, since the starting sound waves 
travel faster than the wing, the wing never escapes their 
influence. Furthermore, the vorticity shed by the wing at 
t’=O can also influence the loading on the wing since the 
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disturbances created by the shed vorticity travel forward at 
a faster rate than the wing. For these reasons, the indicial 
loading at subsonic speeds approaches its steady-state dis- 
tribution asymptotically with time. The situation for sub- 
sonic speeds will be more clearly evident from examination 
of figure 16, which shows the relationship of the traces versus 
time of the leading and trailing edges of a two-dimensional 
wing flying at a subsonic Mach number to the traces of the 
envelopes of the starting sound waves. 

/ 
\ . I /' b ' 'l, ,A" hV ,' \< \ “\ / 

~~~~Trace of starting sound 
\ 

,A 
Trace of---” 
leading edge p’4 waves from leading edge 

/ 
/’ 

Trace of--” 
trailing edge 

P  

FIGVRE l(i.-Relation of whg positiorl to starthg somd wayes for 
subsonic speed. 

Notice in figure 16 that the starting sound waves intersect 
the edges of the wing and that each intersection causes a new 
sound wave to be emitted, which in turn will intersect an 
edge. Furthermore, notice that the vorticity shed from the 
trailing edge at time zero can influence that portion of the 
wing behind the sound-wave trace labeled a-b. The influ- 
ence of each successive sound-wave reflection, however, is 
weaker than the last, and as the wing nloves away from the 
starting vortices their influence dim.inishes, so that at t’= 00 
the loading on the wing attains its steady-state distribution. 
The variation of the chordwise loading with time for the two- 
dimensional wing flying at a subsonic Mach number is shown 
in figure 17. Notice that for t’>O, the cl;ordwise loading is 
markedly different from the loading at supersonic speeds (fig. 
14). However, for t'=O and in the region corresponding to 
region @  of figure 16, the loading is uniform ancl equal to 
&Y/M,,, as in the supersonic case. 

FIGURE 17.-Indicial Ioadillg 011 t\~-o-dimensiona willg at subsonic 
speed. 

the effect on this parameter of certain important variables. 
In particular, the effect of the position of the center of 
gravity, and the effects of Mach number, aspect ratio, plan- 
form shape, and frequency will be examined, principally by 
inspection of the indicial lift and moment responses to a 
change in angle of attack. 

DAMPING IN PITCH OF LOW-ASPECT-RATIO WINGS EFFECT OF STATIC MARGIN 

Previously (eq. (20)), it was shown that for single-degree- 
of-freedom, low-frequency, rotary oscillations of a wing, the 
principal parameter contributing t’o t.he clamping of the 
motion is the damping coefficient C,B+C,ti. This result, 
however, is not directly applicable to the case of an aircraft 
in flight, since generally additional clamping is provided by 
virtue of the fact that the aircraft experiences harmonic ver- 
tical translatory oscillations as well as the rotary oscillations. 
It can be shown, however, that although the effect of the 
translatory oscillation is usually to increase the total damp- 
ing, nevertheless, the parameter of primary importance in 
determining the magnitude and duration of the motion re- 
mains the damping-in-pitch coefficient Cmq+ C,“&. The re- 
m.ainder of this section is therefore concerned wit.h a study of 

From the previous discussion it wil1 be remembered that 
at supersonic speeds the stability derivatives C,+(u,) and 
C,&(u,) were shown to be equivalent, to the inclicial lift and 

moment espressions, J 
‘00 

- Fl(p)dp and - u”F3(cp)dp. 
0 s 0 

Furthermore, it was shown that these were the contributions 
which could cause the total lift and moment during the short- 
period oscillation to lag behind the angle of attack. Hence, 
by inspection of equation (15)) it is evident that since 
Cm,(a,) is always stabilizing, when C&(a,) is negative 
(corresponding,to a statically stable condition) the possibility 
of dynamic instability in the form of divergent rotary oscilla- 
tions arises when CmJca), the shaded area in figure 10 (b), is 
larger than CTnP(a,). Now since the normal velocity at the 
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surface of the wing due to the instantaneous angle of attack 
is constant over the wing, the lift derivative CL, which arises 
from this boundary condition is independent of the axis 
position and C,, will therefore vary linearly with axis posi- 
tion. This variation is illustrated in figure 18, where Ax0 
represents the distance of the center of gravity from the 
aerodynamic center, measured positive forward of the aero- 
dynamic center. m =~ ._ 

+ 
Unstable 

FIGURE 18.-Variation of C,,,. and Cm; with axis position. 

The parameter CLI, on the other hand, is a direct function of 
the axis position, since it arises from a normal velocity dis- 
tribution that varies directly as the distance from the axis. 
The moment coefficient Cnn will therefore vary as the second 
power of the axis posit,ion, and describes the parabolic shape 
shown also in figure 18. It is evident from figure 18 that 
the sum of Cml and CmL will be a minimum at some value of the 
static margin, and that the sign of Cm,+Cm, at that point 
determines whether or not a region of axis positions will 
exist over which the wing can experience negatively damped 
rotary oscillations. These qualitative statements may be 
written explicitly by considering the equation for the damp- 
ing in pitch about an arbitrary axis, 

where again Ax, refers to the distance of the center of gravity 
from the aerodynamic center, and the subscripted terms are 
referred to an axis through the aerodynamic center. 

Taking the derivative of equation (26) with respect to 
Ax,fi, and setting the result equal to zero, there is obtained 
the axis location at which the damping in pitch is a minimum 

and hence, a region of instability will exist if 

If equation (29) is greater than zero, the boundaries of the 
region of axis positions over which instability is possible are of 
course given by setting equation (26) equal to zero and 
solving for Ax,/Z. 

Axe -=- 2+ (Cm,) ,+ (C,,) o 
c I[ 2CL, 1 

(30) 
Notice in both figure 18 and equation (30) that for a given 
Mach number there will be two axis positions at which the 
damping in pitch vanishes. Then if the above procedure 
is carried out for a series of Mach numbers, one may trace 
out a curve as shown in figure 19 which forms the locus of 

Ax, 
-7 

C 

Unstable 

FIGURE lg.-Typical supersonic stability boundary curve. 

Mach numbers and axis positions at which the damping in 
pitch is zero. This locus thus delineates the regions of 
Mach number and axis position for which dynamic insta- 
bility is and is not theoretically possible. Such loci, cover- 
ing a wide variety of wings at supersonic speeds, have been 
presented by a number of authors. Watkins, for example, 
presents supersonic boundary curves for rectangular and 
triangular wings in references 15 and 16. At subsonic 
speeds, Miles’ reduction of Possio’s development to first 
order in frequency (ref. 10) can be used to form a stability 
boundary curve for the two-dimensional wing for a given 
(small) reduced frequency. Such a curve is presented for 

When equation (27) is inserted into equation (26), the mini- 
mum value of the damping in pitch is given as 

I_~ ..--. . li 
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the entire Mach number range in figure 20, where, here 
+z, is the distance of the axis of rotation behind the leading 
edge and k, the reduced frequency, is 0.011 for subsonic 
speeds and approaches zero for supersonic speeds. Notice 
in figure 20 that at both subsonic and supersonic speeds, 

Aerodyna’mic -.-,, 
center, MO< I 

Stable 

.2 .4 .6 .8 1.0 1.2 1.4 1.6 1.8 
Moth number, MO 

FIGCRE 20.-Single-degree-of-freedom short-period pitching stability 
boundaries for the two-dimensional wing at subsonic and supersonic 
speeds. 

the range of Mach numbers over which dynamic instability 
is possible is largest for center-of-gravity positions forward 
of the aerodynamic center. Further, the largest range of 
axis positions over which dynamic instability is possible 
occurs near M,= 1. Both of these characteristics have 
been shown to be true as well for three-dimensional wings at 
supersonic speeds (see, e. g., refs. 15 to 18). 

EFFECT OF MACH NUMBER 

Next consider the effect of Mach number on the dam.ping 
in pitch of a two-dimensional wing with axis at the leading 
edge. The variation with Mach number of the indicial 
pitching-moment response to a change in (Y will first be exam- 
ined, using the informat.ion given in the previous sections 
and the indicial curves given in reference 4. At supersonic 

speeds, the manner in which- 
s 

ua.F3(p)dp, the area corre- 

sponding to Cm,, is affected can thin be assessed and compared 
with Cm, (uJ. At subsonic speeds, use is m.ade of equation 
(18b). It is evident in equation (18b) that by fixing k and 

choosing cpl, such that the quantity a G(cpl,k) is the same 

at each Mach number, one is free to compare finite areas 
- 

s 
(D1 F3(cp)dp on an equivalent basis. 

A”s has been mentioned previously, the startmg lift, at 
any Mach number, is 4crlM, and is concentrated at the 
midchord. At M,=O, therefore, there is an initial infinite 
pulse in the pitching moment about an axis coincident with 
the leading edge after which the indicial curve drops to 
a/4 and begins to grow asymptotically toward its steady- 
state value a/2. At low subsonic Mach numbers other 
than zero, the initial pitching moment is less than infinite 
but very large, being 2/M*, and then falls before growing 
toward the steady value 1r/2p. As the Mach number in- 
creases toward 1.0, the starting pitching moment falls while 

the asymptotic value grows, until at M ,=l.O the indicial 
curve becomes unbounded in asymptotic moment. 

As seen in figure 21, the effect of increasing the Mach 
number at subsonic speeds is therefore to increase rapidly the 
area corresponding to the destabilizing moment contribu- 

-3 

cm, 
-2 

- I 

4, I, MO=.50 , J&=.80 

0 IO 20 30 40 50 4 
FIGURE 21.-Variation with subsonic Mach number of the indicial 

pitching-moment response c,~ (4) for the two-dimensional wing. 
Axis at leading edge. 

In figure 21, k was chosen to be 0.011 and the values of cpl 

were picked such that --a G (cpl,k) was f4.88 at each Mach 

number. In the following discussion, the damping moment 

- 
s 

% ‘,(p)dp+4.88 will be referred to as C,, for convenience. 

A\ supersonic speeds, the initial value of the pitching 
moment 2/M, continues to drop with increasing Mach 
number, but here the steady-state pitching moment also 
begins to fall and at a faster rate than the starting moment, 
being 2/p. Even more important, as the Mach number 
increases, the number of half-chord lengths traveled to reach 
steady state decreases rapidly, being 22, for example, at 
M ,=l.l, as compared to 4 at Mo=2. As seen in figure 22, 
the area representing C,, therefore shrinks rapidly with 
increasing supersonic Mach number and becomes relatively 
unimportant at hlach numbers greo ter than 2. The t,rend 
of C,, with Mach number through the range O<Mo<2 is 
more clearly evident in figure 23. It is seen that C,, is 
positive, or destabilizing, throughout the Mach number 
range and that its effect is most important at Mach numbers 
near 1.0. Also shown plotted for comparison in figure 23 
is the variation of C,,L with Mach number. When the 
parameters are added, itfs evident. that the damping moment 
C&+C,, for the two-dimensional wing with axis at the 
leading edge is destabilizing in the Mach number range 
O<M,<1.414. 

EFFECT OF ASPECT RATIO 

To illustrate the effect of aspect ratio, it is convenient to 
compare the supersonic damping-in-pitch characteristics 
of a group of triangular wings having subsonic leading edges. 
The wings are of equal area and differ only in aspect ratio. 
As was done previously, the indicial lift responses to a change 
in angle of attack will first be examined. The effect of aspect 
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FJGURE 22.-Variation with supersonic Mach number of the indicial 
pitching-moment response cm,(+) for the two-dimensional wing. 
Axis at leading edge. 

-10 
r 

Cmq-’ 
\ 

FIGURE 23.-Variation with Mach number of the damping in pitch of 
the two-dimensional wing. Axis at leading edge. 

ratio on the characteristic area representing CL, can then be 
assessed. 

As has been mentioned previously, the starting lift 
coefficient after a step change in o( is independent of aspect 
ratio and is therefore equal to ~LY/~W~ for each wing. The 
parameter ca, the number of half M. A. C. lengths required 
to reach steady state, is also the same for each wing, being 
a function only of Mach number. The steady-stat,e lift 
coefficient, on the other hand, is a function of aspect ratio 

1 I 
0 0, -Q 

FIGURE 24.-Effect of aspect ratio on the indicial lift response CI~(+) 
of triangular wings having subsonic leading edges. 

and decreases as the aspect ratio is reduced. Thus, as shown 
schematically in figure 24, as the aspect ratio becomes 
smaller, the characteristic area representing CL& decreases 
rapidly.b For the wing of smallest aspect ratio, CL& may be 
positive since the area below the steady-state lift coefficient 
is more than compensated for by the area above. It is 
evident, therefore, that a reduction in aspect ratio has a 
highly stabilizing effect on the damping in pitch, since for 
positive values of the static margin, the development of a 
destabilizing damping moment is possible only when CL& is 
negat,ive. This result is shown in figure 25 where, for an 
axis of rotation located at 0.25 Z and Mo=1.2, the damping 
parameters are presented as functions of aspect ratio. Since 
for triangular wings the lift due to a! is concentrated at 
518 a, C,, is equal to -318 CL&. The variation of C,, with 
aspect ratio shown in figure 25 then follows directly from the 
trend of CL, shown in figure 24. Also plotted in figure 25 
is the variation of Cm, with aspect ratio (ref. 19). 

FIGURE 25.-Variation with aspect ratio of the damping-in-pitch 
coefficients of Driangular wings. Axis at 0.25; and Mach number 
1.2. 

It is apparent that although Cm, becomes more stabilizing 
with increasing aspect ratio, the destabilizing effect of C,, 
predominates, and the trend of the net damping mom.ent is 
seen to become highly destabilizing as the aspect ratio is 
increased. 

By the same reasoning, the variation with aspect ratio 
of the damping moments of other types of wings can be 
shown to be similar (see, e. g., refs. 10, 20, 21, and 22). A 
notable exception, however, is the triangular wing with 
supersonic leading edges, whose damping in pitch has been 
shown to be independent of aspect ratio (see refs. 17 and 18). 
This characteristic may be anticipated from a study of the 
indicial response curves, since not only are the initial pitching 
moment Cm= (0) and the half M. A. C. lengths traveled to 
reach steady state (a,) independent of aspect ratio, but, 
unlike the subsonic-edged trian_gular wing, the steady-state 
pitching moment Cma (a,) is also independent of aspect ratio, 

. 
1 Theoretical indicial curves have not yet been calculated for the triangular wing with sub- 

sonic leading edges. The o~nms drawn in figure 24 we estimates of the true shapes, and are 
intended only to indicate the trend of the characteristic area with aspect ratio. The exact 
varfation of CL& with espect ratio can be computed from the results of reference 19. 
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Inspection of the results of reference 4 

then reveals that the indicial variation Cm- (cp) between zero 
and ca and the steady-state parameter Cm* (a,) are likewise 
independent of aspect ratio. 

EFFECT OF PLAN-FORM SHAPE 

Next, consider the effect of plan-form shape on the super- 
sonic damping in pitch of a group of wings having the same 
aspect ratio. For this comparison, three wings of aspect 
ratio 3 are chosen, having the triangular, swept, and rec- 
tangular plan forms shown in figure 26. 

Ai3 A=3 1 A=3 
A  = 53.1” A=450 

ct. 
C, .4 

FIGURE 26.-Wings used in study of effect of plan-form shape. 

As has been shown in the section entitled “Effect of Static 
Margin,” the tendencies of the wings toward dynamic 
instability can be compared comprehensively by plotting 
their stability boundaries. For this comparison, then, use 
is made of equation (30). The stability derivatives which 
appear in equation (30) were computed from the theoretical 
results of references 10, 19, 21, and 22. Results of these 
calculations are shown in figure 27 wherein the stability 
boundaries for the three wings are shown as a function of 
axis position and Mach number. (Note that the axis posi- 
tion for each wing is measured as the distance from the 
leading edge of the M. A. C. of the wing, and that the 
dimensions are nondimensionalized on an equivalent basis 
by referring them to the M. A. C. of the triangular wing.) 
It is clear from inspection of figure 27 that at any Mach 
number the triangular wing has the smallest range of axis 
positions over which dynamic instabihty is possible and the 
rectangular wing, the largest. 

The differences in the damping characteristics of the 
triangular and rectangular wings will be more clearly under- 
stood by a qualitative study of their indicial lift response 
for a Mach number of 1.2, and an examination of the dis- 
tribution of loading due to dr for the two wings. Consider, 
first the indicial lift responses. 

Again, the starting lift coefficient is independent of plan- 
form shape and is 4a/iW, for each wing. For the rectangular 
wing, the lift drops abruptly after time zero due to the loss 
in lift in the regions of the wing influenced by -the formation 
of the tip Mach cones and the starting waves from the side 
edges (see fig. 12). Then, as the wing begins to emerge from 
the influence of the starting waves, the lift begins to recover, 
rises toward its steady-state value (given by eq. 6.3-2 of ref. 
lo), and attains this value after 12 half-chord lengths of 
travel (eq. (24)). Th e variation is shown in reference 4 and 
is redrawn in figure 28. As mentioned previously, t,heoretical 
indicial lift results have not yet been developed for triangular 
wings having subsonic leading edges. However, the varia- 
tion shown in figure 28 is considered to be a reasonable esti- 

1 rr ratio =(4 

30 
I I I 

I,l 1.2 1.3 I.4 1.5 
Mach number, MO 

FIGURE 27.-Comparison of single-degree-of-freedom short-period 
pitching stability boundaries at supersonic speeds for three wings of 
aspect ratio 3, having triangular, swept, and rectangular planforms. 
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FIGURE 28.-Comparison of indicial lift responses at Mach number I.2 
of rectangular and triangular wings of aspect ratio 3. 

mate of the true shape, being based on knowledge of the 
steady-state lift (ref. 19), the time to reach steady state (eq. 
(24)), and the assumption that the shape of the variation 
would be similar to that of the wide triangular wing (ref. 4). 
The curve was adjusted within the known end points until 
the area corresponding to C,, agreed with that given for 
this parameter in reference 19. It is evident from examina- 
tion of figure 28 that because of the initial loss in lift and the 
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larger steady-state lift for the rectangular wing, 15’~~ for 
this wing is significantly more negative than that for the 
triangular wing. Next, it is shown in references 10 and 20 
that with the exception of regions influenced by tip Mach 
cones, the loading due to & (for cp > u,) for wings having 
sweptback leading edges increases linearly from zero along 
rays from the apex; whereas for rectangular wings the load- 
ing due to &-increases linearly from zero along chord lines. 
These characteristics place the center of loading due to dr 
at % co for the triangular wing and approximately :5 co for 
the rectangular wing.6 Then for an axis of rotation passing 
through the a.erodynamic centers of the wings, the moment 
arm for the lift due to dr for the triangular wing is XZ c, or 
g Z ; whereas for the rectangular wing it is approximately yS 
CO. 7 Thus, not only is the negative out-of-phase lift contri- 
bution CL& for the rectangular wing significantly larger than 
that for the triangular wing, but the destabilizing damping 

moment -zCLA is larger yet, due to the larger moment arm. 

Calculations for the steady pitching parameter Cm, for an 
axis through the aerodynamic center (refs. 10 and 19) then 
reveal that Cm, for the triangular wing is more negative than 
for the rectangular wing. The net result is therefore a con- 
siderably larger damping moment for the triangular wing 
than for the rectangular wing. The result of this compari- 
son, however, should not be interpreted as a recommendation 
that the triangular rather than the rectangular wing be used 
on aircraft from a dynamic stability standpoint. To obtain 
adequate static stability, the rectangular wing would gen- 
erally be employed in combination with a tail surface; whereas 
the triangular plan form m.ay be sufficiently airworthy with- 
out the use of a tail. The addition of a tail surface in effect 
reduces the aspect ratio of the rectangular wing, which re- 
duction, as noted previously, has a highly stabilizing effect 
on the damping in pitch. The tailless triangular wing m.ay 

therefore experience more difficulty at Mach numbers near 
1.0 than a rectangular wing-tail combination. 

EFFECT OF FREQUENCY 

The previous discussion has been restricted to the analysis 
of a harmonic motion that is of vanishingly small frequency. 
This limitation arose as a consequence of discarding all but 
first order in frequency terms in the expansions of equations 
(12) and (14). The question arises: When the frequency 
can no longer be considered small, what effect has the 
frequency on the damping in pitch? 

Previously, the trigonometric terms in equation (14) were 
expanded and, assuming k to be very small, terms of 
order k2 and higher were eliminated. It was then found 
that the loss in dampiag from that provided by the steady 
damping parameter Cm&u,) was associated with the de- 
stabilizing moment contribution corresponding to the term 
- S u’F3(~)d~. Now, however, we discard the restriction 

0 
of small k and perform graphically the integrations evident 

6 Due to the Influence of the tip Mach cones, the center cl loading due to dr Is shlfted fcr- 
ward somewhat from the posltion it has for the two-dimensional wing. Calculations for the 
A=3 rectangular wing at A4.=1.2 show that the center of loading is at 0.605c.. 

7 Aqnin, due to the influence of,tip Mach cones, the aerodynamic center is shifted fcrwnrd 
from $4 e. to 0.443 cc. The moment arm is therefore 0.162 co. 

FIGURE 29.-Illustration of graphical integration procedure for finding 
effect of frequency at supersonic speed. 
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FIGURK 30.-Effect of frequency on the single-degree-of-freedom short- 
period pitching stability boundaries at supersonic speeds for a 
triangular wing of aspect ratio 4. 

in equation (14) for supersonic speeds for several values of k. 
The procedure is indicated in figure 29. It is apparent 
from figure 29 that the effect of increasing k is to 
reduce the area corresponding to the destabilizing moment 

contribution - S bnF&)cosk~p. There appears another 
0 
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destabilizing contribution, -k S OaFF,(cp)sink&o, but quite 
0 

evidently its effect is small com.pared to the rkduction in 

the term - 
s 

ca FJcp)cosk&p. Notice further in figure 29 
0 

that the effect of increasing k becomes of m.arked impor- 
t tance when the half-period of oscillation is the same order of 

magnitude as the time for the indicial response to reach 
steady state. As shown in figure 29 for the frequency kz, 
the area b then begins t,o subtract from a, so that the de- 

stabilizing contribution - S ca F3(‘p) coskpdp can be very 
0 
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FIGURE 31.-Effect of frequency on the single-degreeaof-freedom short- 
period pitching stability boundaries at supersonic speeds for a 
rectangular wing of aspect ratio 4. 

small. We m.ay therefore expect that increasing t,he fre- 
quency of oscillation has a stabilizing effect on the damping 
in pitch. This conjecture is substantiated in figures 30 
and 31, where the superson.ic stability boundary curves 
for aspect-ratio-4 triangular and rectangular wings are 
shown plotted for various reduced frequencies. These 
curves were obtain.ed from calculations based on the results 
of referen.ces 15 an.d 16. Notice that for both wings the 
region of possible instability is dim.inished as the frequency 
is increased. 

From the results of the analysis for supersonic speeds, we 
may further expect that the stabilizing effect of increasing 
the frequency wiI1 be of even m.ore im.portance at subsonic 
speeds, for here the indicial variation F3(‘p) dies out at 

+ _-k-O 

‘I- 
m--/-m--p-P :.-. 

coskb 1. ‘- / /- 
I- .-k, .N’ 

FIGURE 32.--Illustration of graphical integration procedure for finding 
effect of frequency at subsonic speed. 
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FIGURE 33.-Variation with reduced frequency of the single-degree-of- 
freedom rotary damping-moment coefficient for the two-dimensional 
wing at Mach numbers 0, 0.50, and 0.80. Axis at leading edge. 

infinity. The half-period of oscillation is therefore always 
smaller than the time to reach steady state. The situation 

s 

m 
for the term - F3(q)cos kcpdp is shown in figure 32. 

0 
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It 2 evident in figure 32 that the destabilizmg moment 
- 

s 0 
F3(~)cosk&~ diminishes rapidly as the frequency is 

increased. The effect of this reduction on the damping in 
pitch can be illustrated by plotting the subsonic damping- 
moment coefficient against reduced frequency for the two- 
dimensional wing (with axis at the leading edge) for Mach 
numbers 0, 0.5, and 0.8. The results, which were ob- 
taine;ifro’m- reference 4, are shown in figure 33. It is seen 
in figure 33 that the large destabilizing effects of the m.o- 

S m F,(cp)coskpdq and -k S 
m 

ment contributions - Fdcpbjn 

kcpdp are confined to a’relatively narrow range if reduced 
frequencies. Notice further in figure 33 that the range of 
frequencies for which instability is possible is small at 
M,=O (O<k<0.04) and grows with increasing Mach 
number. This is believed to be the primary reason why 
unsteady lift effects were found to be unimportant at low 
speeds but are of great importance at speeds near the 
sonic speed. 

PART II-WING-TAIL COMBINATIONS 

In the historical development of the field of dyna,mic 
stability, there has been general agreement among researchers 
that for conventional tail-aft aircraft, the primary source of 
pitch damping is that provided by the tail. In fact, several 
early investigators concluded that the tail contribution was 
the only one of consequence and, hence, that the contri- 
butions of the wing and fuselage to the total damping in 
pitch could be neglected with little error (c. f., ref. (12)). 
It was also recognized that a major portion of the lift de- 
veloped by the tail arose from the influence on the tail of the 
vorticity shed by the forward wing, and, in particular, that 
a finite time was required for this vorticity to reach the tail, 
thereby creating a lag in the development of tail lift behind 
the motion of the aircraft. Th ese considerations led to the 
formulation of a simple tail damping factor which took into 
account the time lag in vorticity in terms of the configuration 
geometry and the effective angle of attack at the tail, and 
which alone proved to be adequate for predicting the 
dynamic-stability characteristics of low-speed aircraft. 

It has already been shown in previous sections of this re- 
port that for higher speecls, the clamping moment provided 
by the wing surface itself (and, amlogously, the tail surface) 
can be highly significant. In subsequent sections the, im- 
portance of the influence of the vorticity shed by the forward 
wing on the damping moment provided by the tail is re- 
examined. Again, the indicial-function concept is used, 
and proves to be of valuable assistance in illustrating the 
physical nature of the problem. 

GENERAL CONSIDERATIONS 

THE FOUR COMPONENTS 

For each of the three harmonic motions considered earlier, 
the full frequenc.y-dependent equations for the lift and 
moment developed for a single wing and their first-order in 
frequency counterparts are still applicable for a wing-tail 
combination, with the following reinterpretation of the in- 
dicial functions &J(p), Cm,(~), CL,(~), and Cmq((p>: each 
of the above functions must now be considered to rep- 
resent the combined responses of the wing and tail plus 
interference effects between the wing and tail. Obviously, 
however, since the theory is linear, the combined function is 
equal to the sum of its components. In the general case, 
four such components for each of the indicial functions may 
be enumerated. These are listed below for the indicial 
function CL= (PO), that is, for the response in lift of the wing- 
tail combination to a step change in angle of attack of the 
combination. 

(1) The response in lift of the forward wing to a step 
change in angle of attack of the forward wing, the tail being 
at zero angle of attack. 

(2) The response in lift of the tail to a step change in 
angle of attack of the tail, the forward wing being at zero 
angle of attack. 

(3) The response in lift of the tail to a step change in angle 
of attack of the forward wing, the tail being at, zero angle of 
attack. 

(4) The response in lift of the forward wing to a step 
change in angle of attack of the tail, the forward wing being 
at zero angle of attack. 
The situation is entirely analogous for the other three in- 
dicial functions. It should be noted, however, that the 
components of the indicial functions due to pitching velocity, 
CL,(~) and Cm,(p), must all be referred to the same axis 
of rotation. In the following discussion regarding the four 
components, the use of the indicial lift response to a step 
change in angle of attack for illustrative purposes is continued. 
It will be understood that the remarks apply as well to the 
other indicial functions. 

For supersonic sp~cds, the component (I) is exactly 
equivalent to the response in lift of an isolated wing, and 
may bc calculated on that basis, utilizing the theoretical 
results noted previously as applying in the supersonic speed 
range (refs. 3, 4, 5, and 6). Likewise, component (2) may 
be computed on the same basis. Furthermore, since at 
supersonic speeds, the disturbances created by the tail can 
never overtake the wing, component (4) is zero. There 
remains to consider, therefore, only component (3), for 
which-there are as yet no theoretical solutions. 

For subsonic speeds, as usual, the situation is more com- 
plicated. The component (1) is no longer rigorously equiv- 
alent to the lift response of an isolated wing, since the 
disturbances created by the wing by its own motion cause 
disturbances to be created at the tail which travel forward 
at the speed of sound, overtake the wing and, in turn, in- 
fluence the development of lift on the wing. Likewise, the 
reverse situation exists for component (2), so that the re- 
sponse in lift of the tail is no longer that of an isolated tail. 
Further, component (4) is not zero, again by virtue of the 
fact that disturbances propagated at the tail are able to 
overtake the wing. Eor subsonic speeds, therefore, all 
four components require new solutions. It may be expected, 
however, that the secondary coupling effects between the 
wing and tail, as exemplified by component (4), are of small 
magnitude, and may usually be neglected. If it is assumed 

- 
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that component (4) is zero, it is within the same order of 
approximation to assume that the coupling effects on com- 
ponents .(l) and (2) are also zero, so that the subsonic 
nterference problem is then reduced to the sa.me form as that 
of the supersonic problem. In the interest of brevity, 
however, in what follows the subsonic case will not be 
considered, except to note that the general procedures to 
be undertaken for obtaining numerical solutions for the two- 
dimensional supersonic case would be the same for the 
subsonic case, albeit, considerably more complex.’ 

In the next section, therefore, an heuristic discussion is 
devoted to the remaining new function, component (3) for 
supersonic speeds; that is, the response in lift of the tail to 
a step change in angle of attack of the wing. 

BOUNDARY CONDITIONS AT THE TAIL CORRESPONDING TO A STEP 
CHANGE IN ANGLE OF ATTACK OF THE WING 

The boundary conditions corresponding to component (3) 
may be illustrated clearly by plotting as functions of time 
the traces of the wing and tail leading and trailing edges, 
and the traces of the sound waves emitted at the wing 
leading and trailing edge at the start of the motion. No 
sound waves are propagated at the tail at t’ = 0 since, under 
the conditions of the problem, the tail remains at zero angle 
of attack throughout the motion. The plot is shown in 
figure 34.’ 

Wing troilin 
et-- 

FIGURE 34.-Boundary conditions at tail corresponding to step change 
in angle of attack of wing. 

It is clear from examinstion of figure 34 that at the start of . . 
the motion and until time t;, the disturbances propagated 
at the wing as a consequence of the change in angle of attack 
have not signaled their presence to the tail. During this 
time interval, obviously no lift is developed by the tail. For 
time greater than ti, the tail begins to penetrate the upwash 
field created by the vorticity shed by the forward wing, and 
thereby begins to develop positive lift on that portion of its 
surface which has penetrated the field. As time increases 

8 It is to be noted that Jones and Fehlner have treated the IncompressIble ease (ref. 23) 
by a method very similar to that described in a subsequent section of this report entitled, 
“Application of Methods of Oust Analysis.” 

I It is implied In figure 34 that the wing and tail we coplanar or nearly coplanar surfece~. 
This restriction, while not a necessery one, is advisable from the standpoint of simplicity, 
and will hereinafter presumed to be in force. 

beyond ti the tail penetrates the field of shed vorticity 
itself and experiences combinations of both upwash and 
downwash on its surface. As the tail penetrates further into 
the field of vorticity, the region of downwash will predom- 
inate, so that it may be expected that the lift developed by 
the tail will eventually change from positive to negative. At 
time t; the wing has completed its build-up in lift which 
thereafter remains constant with time. The build-up in lift 
at the tail, however, continues until t:, beyond which time 
the pressures on the tail are no longer influenced by the 
disturbances created by the wing at the start of the motion. 
For time greater than t& therefore, the lift on the tail 
remains constant with time and is equal in magnitude to the 
steady-state interference lift on a tail immersed in the non- 
uniform but steady downwash field created by the 
forward wing. 

From the above qualitative considerations, one may an- 
ticipate that the variation with time of the interference lift 
of the tail in response to a step change in angle of attack of 
the wing will resemble the variation shown in figure 35. 

FIGURE 35.-Qualitative prediction of variation with time of tail lift 
response to step change in angle of attack of wing. 

For wings and tails having straight trailing edges, the values 
of time ti and ti in figure 35 may be computed exactly from 
the geometric relationships shown in figure 34. They are, 

MO< 
t'=V, (l+MJ 

(31) 

Furthermore, theoretical solutions exist for the steady-state 
downwash behind wings of a wide variety of plan forms 
from which the final value of the interference lift 17,~ (t:) 
may be computed. It remains, therefore, to fix w$h a 
greater degree of certainty the variation CL+(t’) between 
t; and t:. In view of the paucity of information concerning 
the nature of this variation, the succeeding six sections 
of this paper are devoted to the development of theoretical 
techniques from which results for certain representative 
cases can be obtained. 

THE TWO-DIMENSIONAL CASE 
BOUNDARY CONDITIONS 

Consider first the problem of calculating the growth in 
lift at supersonic speed on a tail surface of infinite span in 
response to a step change in angle of attack of a coplanar 
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forward surface, which is also of infinite span. This problem 
in two dimensions is chosen as a starting point since, here, 
use can be made of a valuable theorem; namely, that any 
unsteady-flow problem involving only two spatial dimensions 
can be related to and solved as an analogous problem in a 
supersonic three-dimensional steady flow. The basis for 
this statement can be made clear by a comparison of the 
governing linearized perturbat+ velocity ~$ent&l equa- 

-7ions referred to fixed-space axes for unsteady two-dimen- 
sional flow and steady three-dimensional supersonic flow. 
The former is written as, 

and is transformed to the canonical form of the wave equa- 
tion by the substitution t=a,t’: 

%Z+%=% (33) 

For the steady three-dimensional supersonic case, the 
potential equation is 

$/,+%Z=P2%Z (34) 

It is then apparent that simply by replacing x, y, and /3 in 
equation (34) by t, 2, and 1, respectively, equation (34) can 
be made identical to equation (33). Thus, a solution to 
equation (34) for a Mach number of J$ (p=l) can likewise 
be taken as a solution to equation (33) with proper reinter- 
pretation of the variables x, y, z. A complete development 
of this analogy can be found in references 3 and 4 along with 
several applications to problems of isolated wings. It 
suffices here simply to state that the theorem may be applied 
with equal validity to problems of wings in combination. 
In the light of this result, figure 34, which depicts the bound- 
ary conditioas for the two-dimensional unsteady flow 
problem, takes on the following interpretation for the 
analogous three-dimensional steady-flow problem : the time 
axis becomes a spatial coordinate alined with the free-stream 
direction; the CC axis becomes the spanwise coordinate, normal 
to the free-stream direction. The z axis is normal to the 
xt’ plane and again is taken as positive downward. The 
traces of the wing and tail leading and trailing edges and the 
projections of their chords on the x axis become in the steady- 
flow problem the projectioas onto the xt’ plane of the:physi- 
cal outlines of a pair of semi-infinite sweptback wiu.gs with 
tips normal to the free-stream direction. In the unsteady- 
flow problem the forward wing is caused to attain at t’=O 
an angle of attack (Y which remains constant for all time 
thereafter. This boundary condition is interpreted in the 
analogous steady-flow problem to mean that a uniform 
normal velocity of magnitude V,,CY exists everywhere over 
the surface of the forward wing. The traces of the sound 
waves which are emitted from this wing at t’=O as a conse- 
quence of the change in angle of attack become in the steady 
supersonic problem the characteristic Mach lines which 
emanate from the foremost extremities of the wing. The 
rear wing, being at zero angle of attack in the unsteady 
problem, remains so in the analogous steady problem, and 
thus no Mach lines appear at the extremities of this wing in 

the steady-flow analogy. The procedure for calculating the 
lift at the tail in response to the change in angle of attack of 
the wing is then theoretically clear. By any of the known 
methods available in steady three-dimensional supersonic 
flow theory one computes in the region occupied by the tail 
the perturbation-velocity field caused by the presence of the 
forward lifting wing. In the plane of the tail surface, this 
field contributes a normal-velocity flow component which is 
canceled by the development of loading at the tail. A 
“spanwise” integration of the loading over the tail then 
yields the desired result - tail lift as a function of time. 

SIMPLIFIED PROBLFM 

The procedure outlined above in principle constitutes a 
straightforward exercise in the application of the three- 
dimensional linearized supersonic steady-flow theory. Un- 
fortunately, in practice, the multiple integrations that arise 
in the course of the computations are exceedingly complex, 
and have thus far defied solution. These computations were 
therefore discontinued in favor of a simpler approach which, 
in itself, retains the essential nature of the problem and has 
the additional advantage of lending itself readily to ext,ension 
and further refinement. The simplification consists of 
replacing the forward wing by a single two-dimensional 
vortex which, just as the wing, starts impulsively from rest 
at t’=O and moves forward in the z=O plane with constant 
supersonic velocity V,. In addition, in satisfaction of the 
condition that a vortex cannot end in a fluid, there must be 
placed at the point of departure of the moving vortex, a 
stationary or starting vortex of equal and opposite strengt.h.lO 
It is well-known that the boundary conditions for a lifting 
surface may be satisfied by an appropriate distribution of 
vortices; thus the result to be obtain.ed from this simplifica- 
tion m.ay be viewed as a fundamental one in the sense that 
the solution to the original problem may in principle be 
recovered by an appropriate superposition of elementary 
solut,ions. A procedure for accomplishing this task is de- 
veloped in a later section of this paper. 

The boundary conditions for the simplified problem are 
illustrated in figure 36. Here, “true time” t’ has been re- 
placed by its spatial analog t, the relationship being t=a,t’. 
The boundary condition for a closed vortex system is that. the 

FIGURE 36.-Boundary conditions for simplified problem. 

10 The extremitka of the moving and startlug vortkm must, in general, be connected by 
two traillng vortlcea to form the usual closed loop. However, for the two-dlmensionsl prob- 
lem, it 1s supposed that the trailing vortices are so far sway from the centers of the moving 
and starting vortloes that their effect on the flow there may be neglected. 
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jump in potential is a constant within the loop formed by the 
moving, starting, and trailing vortices. For the two- 
dimensional case this condition translates in figure 36 to the 
stipulation that the potential difference A+ across the z=O 
plane be a constant within the shaded region bounded by the 
traces of the moving and starting vortices. The problem 
of calculating the induced velocity flow field associated with 
the vortex-pair may now be related to the analogous three- 
dimensional steady-flow problem; namely, that of calculating 
the induced flow field due to the presence in a supersonic 
stream of a yawed triangular wing, one edge of which is 
parallel to the free stream, the other being swept ahead of the 
Mach cone from the apex, and whose surface is warped in 
such a way that the potential difference across it is a constant. 
This problem has been solved by Lomax, Heaslet, and Fuller 
in reference 24, wherein it is found that the induced vertical 
velocity in the z=O plane for supersonic speeds is given by 
the relation, 

A+ m  
w(x,t)=Mo2?r G+m)~ -tlxlt 

Thus, the problem of calculating the lift n.t the tail in response 
to the step change in angle of attack of the forward wing has 
now been reduced to one which can be stated in terms of the 
steady-state analogy as follows: Find the section lift as a 
function of t on the semi-infinite sweptback plan form shown 
in figure 36 which rests at zero angle of attack in a supersonic 
stream and which is subjected to a vertical-flow distribution 
given by equation (35) on that portion of its surface lying 
within the region -t ix It. 

METHOD OF SOLUTION 

The problem stated above may be solved by any of a 
number of methods available in steady supersonic flow 
theory. One that immediately suggests itself, however, by 
the conical nature of equation (35) is the method of super- 
position of elementary sectors. If in equat,ion (35) the 
substitution is made, a=x/t, we get, 

A @  1/1=;J12 
w(a,x)=M, 2* x(a+j,,,f)’ -1 lull (36) 

The quantity a of course, defines a ray emanating from the 
origin of the xt coordinate syst&m, and by equation (36) it is 
seen that along a given ray, the normal velocity varies 
inversely as T. Then if the normal-velocity distribution is 
decom.posed into infinitesimal steps of magnitude dw along 
rays from the origin, it can be specified that within each semi- 
infinite sector of the tail formed by the tail leading and trail- 
ing edges and a ray from the origin, the normal ve1ocit.y 

over the sector varies only as $ where k is a constant for the 

sector, given by, 

1 da=+‘(a)&. (37) 

It is then a relatively simple problem to solve for the loading 
1 on a single sector caused by the normal-velocity distribution i 

and thence by the superposition of elementary solutions, to 
find the loading and integrated loading caused by the given 
normal-velocity distribution. This superposition procedure 
is briefly outlined in the following paragraph. 

The boundary conditions for an elementary sector formed 
by an arbitrary ray a are illustrated in figure 37, 

. 
X 

Frourt~ 37.-Boundary conditions for elementary sector, 

Within the shaded region shown in the figure the normal 
1. ve1ocit.y varies as ;Y elsewhere on the plan form it is zero. 

Presuming now that the loading coefficient 2 (x,t,a) at the 

point x,t for the elementary sector has been calculated, it is 
desired to sum the effects of all sectors that influence the load- 
ing at the fixed point. A contribution to the loading at the 
point x,2 will be made by each sector within whose zone of in- 
fluence the point lies. As seen on figure 37 this region ex- 
tends from the sector defined by the ray a= 1 to that sector 
whose trailing Mach line from the apex of the sector passes 
through the point. On figure 37 this sector is defined by the 
ray a=Z(x,t). The total loading at x,t is then expressed by 
the formula 

V(a) z (x,Wda+#(l) z CM) (38) 

where J, (a) is given by equation (37) and z (x,&a> is the 

loading coefficient at a point on the elementary sector due 

to a normal-velocity distribution ‘,. The second term in 

equation (38) accounts for the effect of a possible jump in w 
at the ray a=l. However, in the present problem, ~(1) 
is zero so that this term disappears. The section lift at the 
station t is then found simply by an integration of the loading 
in the x direction, 

“’ %  (x,t) dx=~~~e~‘“‘” #‘(a) z (x&a) dadx (39) 

There remains to discuss the calculation for the sector 
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loading z  (s,t,a) at the fixed point x,t. This calculation, 

however, involving as it does a wing ha.ving all supersonic 
edges, is  straightforward and does not require elaboration. 
An interesting s idelight arising as a result of this work was 
the discovery that the loading is  zero at a point on the sector 
whose forecone includes only the sector leading edge and 
intersects the line x=0. 

T-  =--~ ~Them section lift was found to vary’inform in each of the 
five time intervals designated in figure 38. 

FIGURE 38.-Regions used in analysis of lift response of two-dimen- 
s ional tail. 

Unfortunately, difficulties  of integration prevent the presen- 
tation of solutions in c losed form for the section lift in all but 
the first time interval. It was always possible, however, to 
reduce the integrals to s ingle quadratures, so that numerical 
or graphical methods can be employed to obtain results for 
specific  cases. The results in integral form for the section 
lift in the intervals 1 to 5 are somewhat lengthy and therefore 
are presented in Appendix A. 

DISCUSSION 

In order to illustrate the nature of the result, the var iation 
of section lift at the tail with ‘<time” t has been computed 
for the following case: a tail of unit chord, tail length I of 3.2 
units, and Mach number 1.7. The result is  shown on figure 
39, together with a sketch of the boundary conditions corre- 
sponding to the particular case under study. 
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FIGURE 39.-Response in lift of two-dimensional tail to normal velocity 

of two-dimensional vortex system. M,=1.7. 

It is  to be noted first in figure 39 that the section lift becomes 
infinite when the leading edge of the tail reaches the position 
of the starting vortex (t=B in fig. 39). This is  not unex- 
pected, s ince at the instant before the leading edge penetrates 
the vortex there exists on the tail an infinity  in upwash; 
whereas j,ust after the penetration the effect of the infinity  
in upwash is  just canceled by an opposite effect caused by 
the infinity  in downwash, It.is interesting to observe, how- 
ever, that a like result does not occur as the tail trailing edge 
leaves the position of the starting vortex (t=D). This can 
be explained by noting that the sound wave emitted when 
the leading edge penetrates the starting vortex serves to 
broadcast the existence of the infinite discontinuity in normal 
velocity over a finite region of the tail. The distribution of 
the effect of the discontinuity thereby modifies its  influence 
at any one point. Next, observe that the lift changes s ign 
at t= C, which is  very c losely the time when the tail chord is  
s ituated symmetrically with respect to the starting vortex. 
As can be seen on the figure, the tail chord experiences very 
nearly equal amounts of upwash and downwash at this time. 
F inally, note that at t=E the lift on the tail disappears as 
the tail m.oves completely beyond the region of disturbances 
created by the moving vortex at t=;=O. This fact is  consistent 
with the statement made earlier that the final value of the 
lift on the tail should be that c lue to the steady-state down- 
wash field of the forward wing, for the downwash behind a 
moving two-dimensional vortex in steady supersonic flow is  
zero. It is  instructive to remember that the same fact is  
true for the lifting two-dimensional wing in a steady super- 
sonic flow, so that no inconsistency arises from this source by 
a superposition of solutions of the type shown in figure 39 as 
a c loser approximation of the response of the tail to a step 
change in angle of attack of the forward wing. The develop- 
ment of such a procedure will be outlined in a later section of 
this paper. 

APPLICATION O F  METHODS O F  GUST ANALYSIS 

It will no doubt have been noted by the reader that the 
subject of inquiry in the preceding section, namely, the prob- 
lem of calculating the growth in lift at the tail caused by its  
penetration of a region of disturbed flow created by a forward 
lifting wing, bears in many respects a marked resemblance 
to another more familiar problem. That problem is  the 
calculation of lift on a wing which penetrates a gust of pre- 
sc r ibed spacewise normal velocity distribution. Indeed, the 
two problems are identical with one exception: in the gust 
problem it is  generally assumed that the normal velocity of 
the gust at each station in space remains constant with time; 
whereas in the wing-tail interference problem this is  not the 
case. If it can be shown in the wing-tail problem, however, 
that at each station in space the var iation of normal flow 
velocity with time can be safely ignored during the time 
interval required for the tail to pass the station, then the use 
of a gust-type analysis is  valid, and an important advantage 
accrues. One can then calculate in a relatively s imple man- 
ner the growth of interference lift on any tail surface for 
which the response in lift to a sharp-edged gust of uniform 
intensity is  known. The so-called gust function has been 
calculated for the two-dimensional case (ref. 3), the rectangu- 
lar plan form (ref. S), and the triangular plan form having 



24 REPORT 1188-NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

supersonic edges (ref. 5). Thus, although it is still necessary 
to retain the two-dimensional nature of the downwash field 
created by the forward wing, the gust analysis, if valid, pro- 
vides a means whereby two important classes of three- 
dimensional tail surfaces can be treated. The object of this 
section will therefore be to investigate the validity of the use 
of a gust-type analysis in place of an exact analysis. 

The extent of the approximation involved in the gust-type 
analysis can be best visualized in the two-dimensional case. 
Further, since the exact solution for this case has been ob- 
tained in the preceding section, a comparison of the two re- 
sults provides a means of assessing the magnitude of the 
error introduced by the approximation to the flow. Compare 
first, then, the boundary conditions at the two-dimensional 
tail for the exact and approximate cases. On figure 40 
these conditions are shown schematically for the Mach num- 
ber, tail chord c, and tail length 1 which correspond to the 
numerical results given in figure 39 of the preceding section. 
For the exact case, the normal velocity at the tail is seen to 
vary inversely as x or t along rays from the original position 

Y 

FIGURE 40:-Comparison of exact aud approximate normal velocity 
distributions at the tail location. 

of the moving vortex. For the approximate case, we fix the 
correct variation of normal flow velocity at the tail leading 
edge and require that at each station x the normal velocity 
existing at the leading edge remains the same for all time 
thereafter. It then is clear from inspection of figure 40 that 
at least for the particular conditions chosen for study, the 
differences in normal velocity experienced by the tail for the 
two cases are not excessive. 

By virtue of the approximation, which fixes with respect 
to time the normal flow velocity at each station in space, the 
problem of calculating the lift at the tail is reduced simply 
to a superposition procedure entirely analogous to that 
already described in the first, part of this report for the case 
of a wing performing arbitrary maneuvers. Here, however, 
rather than responding to a series of step changes in angle of 
attack or pitching velocity, the tail responds to a series of 
sharp-edged gusts, so that the Duhamel integral, expressing 
lift at the tail as a function of time is written as, 

CL(t) =$ S o&$pj CT) g G-dd7 (40) 

In equation (40) the quantity $& (7) is the gust function 

for the two-dimensional surface, giveon in reference 3, and w(t) 
is the variation of normal flow velocity experienced by the 
tail leading edge. Substituting x=1---Mot in equation (35), 

w (tl =M acr, dt”- (I-Mot)’ 
o 277 1 (Z-Mot) 

(41) 

With the use of equations (40) and (41) and the results of 
reference 3 the interference lift at the tail may be computed 
in a straightforward manaer. As in the exact problem, how- 
ever, integration dficulties prevent the presentation of a 
solution in closed form in all but the first time interval 

I ZfC -. 
iM,+~.‘%,+l 

The solution in quadrature form is given 

in Appendix B. These results have been utilized to compute 
the variation of tail lift with time for the same set of condi- 
tions chosen in the preceding section, namely; Mach number 
1.7, tail chord of unit length, and tail length of 3.2 units. 
Results of these computations are compared with the exact 
results in figure 4 1. 

FIGURE 41.-Comparison of exact and approximate tail lift responses. 
n/r.= 1.7. 
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It is readily apparent from inspection of figure 41 that at 
least for the conditions chosen, the gust-type analysis pro- 
vides an excellent approximation of the variation of tail lift 

1 with time over the entire time interval - J-!-c -. 
’ &to+1 5t5 a&l 

We may therefore proceed to the three-dimensional cases 
with reasonable expectation that the solutions resulting from 
the gust approximation will be of acceptable accuracy - 
again, at least for sets of boundary conditions corresponding 
to those used above. 

The analysis for the rectangular and triangular tail plan 
forms proceeds exactly as that for the two-dimensional case 
just discussed. For the rectangular plan form, in fact, the 
two-dimensional solution constitutes a major part of the 
total lift, and it is only necessary to add to the results given 
above the contribution of the tail tip regions. The gust 
function for the tip regions of the rectangular plan form is 
presented in reference 6 and is of such simple form that the 
integration of equation (40) may be done quite easily. Not 
so for the triangular plan form (ref. 5) ; for this case graphical 
or numerical techniques are again necessary to obtain results 
for specific cases. Solutions for both the tip regions of the 
rectangular tail and for the triangular tail are given in 
Appendix B. Numerical results, illustrating the nature of 
the solutions, are given in figure 42. The boundary condi- 
tions for these results have been chosen to be identical to 
those picked for the two-dimensional results of figures 39 
and 41, so that the results of figure 42 for the rectangular 
tip regions may be directly added to those of figure 41 to 
give the total lift for the rectangular tail. Note in figure 42 
that aspect ratio A appears simply as a multiplying factor, 
so that these results are applicable for tails of any aspect 
ratio, subject only to the limiting conditions prescribed in 
the figure. The condition on the rectangular tail insures 
that the Mach line from one edge does not intersect the 
opposite edge; that on the triangular tail insures that the 
leading edge is supersonic. Note also in figure 42 that unlike 
the case of the two-dimensional tail, no infinity appears in 
either the lift contribution of the rectangular tip regions or 
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FIGURE 42.-Approximate response in lift of wide triangular tail and 
tip regions of rectangular tail to normal velocity of two-dimensional 
vortex system. M,=1.7. 

the lift of the triangular tail when the tail first penetrates 
the position of the starting vortex. This, of course, is attrib- 
utable to the fact that the first penetration in either case 
is made by a surface of infinitesimal span. 

APPLICATION OF STRIP THEORY 

In the preceding section it was shown that approximate 
response functions could be obtained for those three-dimen- 
sional tail surfaces for which the indicial gust function was 
known. There is still another method by which the responses 
of certain other classes of three-dimensional tail surfaces 
may be derived, and that is by the use of strip theory.” 
It has been shown by a number of authors (refs. 4, 25, and 
26) that the use of strip theory is exact in calculating the 
lift, pitching moment, and rolling moment of surfaces having 
all supersonic edges and straight trailing edges normal to the 
free-stream direction. Further, no restriction need be placed 
on the generality of the normal-flow-velocity distribution 
encountered by these plan forms. Thus, for example, in the 
present connection, the lift on the wide triangular tail in 
response to either the two-dimensional or three-dimensional 
vortex field can be computed exactly if the responses of the 
two-dimensional tail to these fields are known. 

When restrictions are placed on the nature of the normal- 
flow-velocity field, still other types of plan forms may be 
treated without approximation by the use of strip theory. 
An obvious example is the response of the apex-rearward 
wide triangular tail to the two-dimensional vortex field. 
Clearly, since the loading at no point on the tail can be 
influenced by disturbances from the edges of the t,ail, the 
integrated lift at every section is just the lift on a two- 
dimensional tail having the same tail length and chord as 
the section. The same would be true for any tail having 
supersonic edges and a straight leading edge normal to the 
stream direction, so long as the normal flow velocity is 
invariant with the spanwise direction. 

As simple examples of the use of strip theory in the present 
problem, formulas will be developed from which the exact 
responses in lift of apex-forward and apex-rearward triangular 
tails to the two-dimensional vortex field may be obtained. 
Consider first, however, the more general plan form pictured 
in figure 43, in which the dimension 1 is defined as the distance 
between the moving vortex and the foremost point of the 
tail, and the zy coordinate system is fixed in space. 
The use of strip theory (which, it should be cautioned, is 
not exact for the plan form shown in fig. 43) enables one to 
formulate immediately the lift on the finite-span tail in 
terms of the two-dimensional response as follows: 

where 
( > 

2 (z,t ; y) denotes the loading at a point on a two- 

dimensional’tail which is subjected to the same normal flow 
velocity variation as a section c(y) of the three-dimensional 
tail. The inner integral in equation (42) is recognized, 
however, as being just the two-dimensional section lift 

11 The term “strip theory” is used here in its usual sense; that is, the integrated lift at a 
spanwise station of the three-dimensional surface is assumed to be the same as that on a 
two-dimensional surface having the same chord length and undergoing the same motfon. 
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FIGURE 43.-Definition of notation used in strip theory analysis. 

coefficient multiplied by the local chord c(y), so that equa- 
tion (42) becomes, 

CJt)=gJ2 c(y)cL(J+t(Y), C(Y), 9dY (43) 

where the quantities 1+.$(y), c(y) replace 1 and c, respectively, 
in the two-dimensional-tail lift response previously derived. 
The formulas for the apex-forward and apex-rearward tri- 
angular tails are simply special cases of equation (43). For 

the former case, c(y) is given by 2 y, and after a change in 

6 variables, y=- 7, equation (43) becomes, 2 

CL@)=2 s lwdz+co(l-o), To, t) d77 (44) 0 

For the apex-rearward triangular tail, t(y) is zero, so that, 

C&)=2 1?rcL(z,GJM7 s (45) 0 

Equations (44) and (45) have been utilized, together with 
the results for the two-dimensional-tail lift response to 
compute the responses in lift of apex-forward and -rearward 
triangular tails to the two-dimensional vortex field. Results 
in integral form are given in Appendix C, and numerical 
results for tails of unit chord, tail length 3.2 units, at Mach 
number 1.7, are shown on figure 44. 
The result for the apex-forward triangular tail is compared 
with the approximate result derived for this wing in the 
previous section by use of a gust-type analysis. Again, as 
in the two-dimensional case, it is evident that the gust-type 
analysis provides an accurate estimate of the tail lift response 

1 
over the entire time range, -- <t< c+c,. 

J&+1 - - &J&l’ 

SUPERPOSITION OF ELEMENTARY SOLUTIONS 

It has already been noted in a previous section that the 
response in tail lift to the normal-velocity field created by a 
single vortex loop could be viewed as a fundamental result 
in this sense: The solution can, in principle, be used as the 
elementary function in a superposition procedure designed 
to determine the response in lift of the tail to the normal 

FIGURE 44.-Exact response in lift of apex-forward and apex-rearward 
wide triangular tail to normal velocity of two-dimensional vortex 
system. M,= 1.7. 

velocity field created by a forward wing of finite chord. In 
this section a procedure for accomplishing this end is de- 
veloped and the result of the analysis applied to a special 
case. For the sake of simplicity, the anaIysis is again 
restricted to one dealing with two-dimensional forward 
surfaces, so that the normal-velocity field encountered by 
the tail is uniform in the spanwise direction. However, no 
restriction is placed on the span of the tail. 

In the previous sections solutions have been obtained for the 
lift at the tail in response to a single vortex pair. The 
boundary conditions for the vortex pair are exhibited in the 
rt plane as a triangular sector having a uniform potential 
difference A @  within the sector (see fig. 36). We wish now to 
distribute these sectors over the region traced out in the zt 
plane by the forward wing and its wake in such a way as to 
build up the variation of A+ in these regions corresponding to 
prescribed normal-velocity patterns over the wing. The 
sum of the responses in lift, of the tail to each of these slabs of 
A @  is then the response to the normal-velocity field created 
by the wing. It is convenient to treat the effects of the wing 
and wake separately, and we consider the wing first. Place 
a vortex pair at an arbitrary chordwise position of the wing 
with origin at t=O. Th e response in lift at the tail to the 
single vortex pair is a function of time t and a characteristic 
distance, chosen to be the distance p bet,ween the moving 
vortex and the tail leading edge. This of course is the solu- 
tion derived previously with I replaced by p. Now place 
another vortex pair of opposite strength with origin at the 
same position in space as the first pair, but shifted an incre- 
mental tim.e All later. As shown in figure 45 there remains 
a strip of chord &l,A, having unit A @  within the strip. 
The response in lift at the tail to the remaining strip at a 
fixed time t is, 

A&(/J, t> = Cd/+ t) - ‘%b-i%A71, t--Ad (46) 

Letting the changes in p and t approach zere, equation (46) 
may be cast in the form of the directional derivative, 

(47) 
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/ 

t 
FIGURE 45.-Boundary conditions for response in lift of tail to an 

elementary strip of unit A+. 

This is the response in lift to a strip of unit A@ situated a 
distance p from the tail. The response to any other strip 
starting at a lat,er time but at the same distance p from the 
tail will of course be identical to this result. We may there- 
fore build up the response to an arbitrary variation of A@ in 
the strip simply by use of the Duhamel integral; that is, 

Let t-tl=r, and perform the indicated differentiation, noting 
from physical considerations that A@&, O)=C,(p, O)=O. 

The influence of the wing on the lift at the tail is then ob- 
tained simply by a summation of incremental strips as p 
goes from 1 to I+c,~. Note that the increment Ap is ibi,,A~. 
CL (0 WING= 

Now consider the influence of the wake. The potential dif- 
ference A+ in the wake has the characteristic that at each 
station in space the A@ existing at the trailing edge of the 
wing remains the same for all time thereafter. The distribu- 
tion of Aip in the wake may therefore be built up by elemen- 
tary vortex pairs whose origins are placed at the trailing edge 
of the wing. Since these elementary sectors are all the same 
distance I from the tail, the response in lift at the tail to each 
of the sectors is of the same form, and the sum of these re- 
sponses at a fixed time t may again be found by use of the 
Duhamel integral, 

(51) 

The sum of equations (50) and (51) is then the desired re- 
sponse in lift at the tail to a prescribed A@ distribution on the 
forward wing. 

S ' C,(Z, T)A& t- .r)dT (52) 0 
We consider next a special case for which the form of equation 
(52) may be simplified considerably. For this case the 
loading on the forward wing is prescribed to be uniform 
in the chordwise direction and to remain constant with 
time. The specified boundary condition may be interpreted 
either as the exact case for a forward wing which starts to 
deform at t=O in such a way as to give rise to a uniform 
loading over its surface, or as an approximation to the res- 
ponse of 6 flat forward wing to a step change in normal 
velocity over its surface. It is the latter case which is of 
real interest here, and of course the approximation introduces 
some error into the variation of Atp on the wing and in the 
wake. However, as can be seen on figure 46, a comparison 
of the exact and approximate ArP distributions shows that 
the differences between the two are not great for the case 
chosen, and would be even smaller for higher Mach numbers. 
It is expected that the approximation should yield acceptable 
results for Mach numbers greater than about 1.4. 

FIGURE 46.-Comparison of distributions of A@ for two-dimensional 
wing and wake due to uniform loading and uniform normal velocity 
on wing. 

The prescription of uniform loading on the forward wing is 
seen on figure 46 to amount to the following conditions on 
A@ on the wing: 

where 

A%.4)=fi - - o<t<i 

=kZ tzi 
(53) 

It follows that the condition on AP along the trailing edge 
of the wing must be, 
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ANl,t)=kt o<t<g 
0 

Performing the required differentation of A% with respect to 
(t-r) and substituting in equation (52), we get 

k t S t& Cd, 47 (55) 
M. 

The inner integral I2 in equation (55) may be evaluated 
immediately and gives 

$ I& c&t) + CA.J,t-i) (56) 
0 0 0 

For the inner integral II, we make use of the definition for 
the differentiation of a definite integral, that is, 

(57) 

Substituting equations (56) and (57) in equation (55) we 
have, 

Let 

Then in equation (58) 

(59 

Substituting equation (59) in (58) there remains only, 

(60) 

This result may be easily verified by interpreting the integral 
in equation (60) physically. The integra1 specifies that we 
sum the effects of elementary sectors, all of the same strength 
in A@, and whose origins are at t=O within the boundaries of 
the wing leading and trailing edges. A graphical summation 
of several such sectors will show they do indeed build up the 
A@? distribution over the wing and wake prescribed in figure 
46. 

Equation (60) has been utilized along with the results of 
the previous sections for CL(&) for the two-dimensional tail 
and the rectangular tail tip regions to approximate the 
response of the tail to a step change in angle of attack of a 

forward surface of finite chord. Results of computations 
for a wing chord of 2 units, tail chord of 1 unit, tail length 
Z of 3.2 units, and Mach number 1.7 are shown in figure 47. 

1 

FIGURE 47.-Approximate response in lift of two-dimensional tail and 
tip regions of rectangular tail to step change in angle of attack of 
two-dimensional wing. MO= 1.7. 

Note that the main difference for the two-dimensional result 
from the result for the response to a single vortex pair is the 
disappearance of the infinity in lift when the tail penetrates 
the position of the first starting vortex. Reference to figure 
46 will show that this is attributable to the fact that the 
first vortex penetrated by the tail is of infinitesimal strength. 
Again, as in the single-vortex example, the response in lift 
for a finite-span tail satisfying the restriction @A _>l may be 
obtained from the results of figure 47 by direct addition of 
the two variations shown in the figure. 

It should perhaps be noted that the form of equation (52) 
permits of still other simplifications which should yield 
acceptable results for special cases. For instance, when the 
chord of the wing is small compared to the tail length, it may 
be expected that the influence on the build-up in lift at the 
tail of disturbances on the wing should be minor compared 
to the influence of disturbances in the wake. It is seen in 
equation (52) that this condition is equivalent simply to 
ignoring the first integral in comparison to the second. The 
simplification, of course, represents a considerable reduction 
in computational labor, and, in addition, the form of the 
remaining integral is simple enough so that the exact varia- 
tion of A& at the trailing edge of the wing corresponding to 
the prescribed normal-velocity distribution on the wing may 
be used with relative ease. For example, for the case of 
uniform normal velocity on the wing, the variation of A&(Z,t) 
at the wing trailing edge may be derived from the results of 
reference 3, and is given by 

= % 0, ~- 
Mo-lst 

‘I 
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Upon substitution of these expressions in equation (51) and 
performance of the required integration, the solution yields 
in any case the exact response of the tail lift to the influence 
of the wake, and, in cases where the tail length is large 
compared to the wing chord, a reasonable approximation of 
the total response in lift of the tail. The response in lift 
of the tail to, say, indicial pitching motion of the wing, or 
for that matter,, t? any i$i+al,motion pf the wing for. which 
k& variation A+@$) is known, can be approximated by 
the same technique. 

CONSIDERATION OF THREE-DIMENSIONAL FL0 W  EFFECTS 

In all of the analysis presented thus far, attention has 
been focused solely on problems in which the flow field 
caused by the forward wing is two-dimensional. This 
effectively limits the results to cases wherein the plan form 
of. the forward wing is essentially rectangular, with span 
sufficiently large so that the flow from the tips of the wing 
does not significantly affect conditions in the vicinity of the 
tail. In order to treat more general cases, including cases 
wherein the plan forms arc of nearly equal span, it becomes 
necessary to consider in detail the effects on the tail of the 
remainder of the vortex loop - the trailing vortices. 
Inevitably, the admittance of spanwisc variations of normal 
velocity into the flow-field picture complicates the analysis 
considerably, and it appears that exact solutions for the 
tail lift response will be exceedingly difficult to obtain. 
However, the change in the physical situation caused by the 
addition of the trailing vortices can be fully described, and 
t.his description will be seen to suggest simplifying approxi- 
mations which serve, in turn, to make the problem of cal- 
culating the tail lift response more tractable. 

THE FLOW FIELD 

Consider first the flow-field caused by the motion of the 
complete vortex loop. The boundary condition character- 
istic of the vortex loop is that within the confines of the 
moving, starting, and trailing vortices, the jump in potential 
A@ is a constant across the plant containing the vortices, 
and zero elsewhere in the plane. Thus it is clear that the 
two-dimensional vortex system considered earlier can be 
converted to the three-dimensional system by subtracting 
off regions of constant A+ of semi-infinite spanwise estent, 
as shown in figure 48. 

A A 
Cl Cl 

0 1 n I r. 
\ 

‘L-Two-dimensional 
storting vortex 

FIGURE 48.-Superposition procedure for converting vortes system 
from two- to three-dimensions. 

Obviously, by reason of symmetry, we need consider the 
effect of only one of the added trailing-vortex loops, and, 
further, it is sufficient to consider the effect only within the 
shaded region of figure 49. 

X 
FIGL-RE 49.-Boundary conditions in the z=O plane for a trailing 

vortex loop. 

In figure 49 the circular region, denoted region I, is the 
domain in the plane of the vortices within the sound wave 
emitted at t=O by the motion of the trailing vortex. Tb is 
region estcnds from values of e between +t and -t, and 
constitutes t,he interval within which the flow is bot.h un- 
steady and three-dimensional. For values of x<--t, the 
flow has reached its steady-state distribution, and is therefore 
stationary with respect to an observer traveling at the speed 

of the moving vortex. The lines y= F (?yLt) set,ting off 

this steady-flow regime are of course the Mach lines 
emanating from the juncture of the moving and trailing 
vortices. All points to the left of the shaded region ere 
clearly unaffected by disturbances from the trailing vortex 
itself, and hence the flow there.is just the mirror image of the 
two-dimensional flow considered earlier. Points to the right 
of the shaded region are completely unaffected by the action 
of the trailing-vortex loop, and there the fluid is undisturbed 
by the addition of the loop. 

The problem of calculating the potential and velocity 
field associated with the trailing-vortex loop has already been 
considered for the subsonic speed range by Lomax, Heaslet, 
and Fuller inreference 24. It is a relatively simple matter to 
extend these results to the supersonic range, and since the 
procedure for doing so is plainly developed in reference 24, 
only the final results that are of interest here will be given. 
Thus, for the regions marked I, II, III in figure 49, the 
normal velocity w induced in the plane of the vortices by the 
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addition of the trailing vortex loop is given by: 

A@ J(x+2M,t)“-P2y2 -w(III)- 
2lr y(x+ Mot) 

-w(II)- I A+ Mom A+ ~(x+Mot)2-P2y” -- 
27r x(x+M,t) 27r y(x+Mot) 

A@ &x+MJ)2-p2y2 -w(III)= -G 
y(x+Mot) 

(62) 

Several points of interest may be deduced from inspection of 
equation (62). First note that, as it should, the solution 
reduces to the two-dimensional normal velocity with just a 

change in sign along the left-hand boundary y= - &%?, 

t>x>-$-. y= o) -(++@I, z>x>-Mot) 

and to zero along the right-hand boundary y= +dD, ( 

t>x>-&; y=+(y), $f >x> -Mot), 

Second, it appears that the contribution to the normal 
velocity made by the trailing-vortex loop may be viewed as 
being composed of two distinct parts: one, a two-dimensional 
contribution, equal but opposite in sign to the normal velocity 
contribution of the original two-dimensional system and 
existing everywhere within the region 7~50, -t<x<t, and 
second, a three-dimensional contribution thaLt is antisym- 
metric with respect to the axis y=O and that exists only 
within the confines of the starting sound wave 2nd Mach line 
traces, that is, within the shaded region of figure 49. It 
should be noted that the antisymmetric contribution is zero 
along both the left-hand and right-hand boundaries, and 
contains no singularities other than at y=O, x<O, the path 
of the trailing vortex itself. 

In order to obtain the normal-velocity distribution due to 
the complete vortex loop, it is now only necessary to combine 
the results given by equation (62) with the two-dimensional 
contribution (eq. (35)), and with the contribution of the 
trailing-vortex loop originating at y=s (see fig. 48). How- 
ever, we are interested in the effect of this complete loop on 
the lift at the tail and, inasmuch as the response to the two- 
dimensional vortex system has already been investigated in 
previous sections, it is more to the point simply to continue 
by investigating separately the effect on the tail of only one 
trailing-vortex loop. The resulting solution for tail lift re- 
sponse can then be doubled to account for the influence of 
both trailing-vortex loops, and directly added to the result 
found previously for the response to the two-dimensional 
vortex system. 

RESPONSE IN LIFT OF TNL TO NORMAL VELOCITY OF TRAILING-VORTEX 
LOOP 

In view of the complicated nature of the flow caused by 
the trailing-vortex loop, it appears that analyses leading to 
exact solutions for general tail plan forms will be confronted 
by formidable diflkulties. Thus, for practical purposes, 
simplifying approximations will no doubt become necessary. 
There is one type of plan form, however, which can be 
treated with a minimum of approximation and that is a 
class of supersonic-edged wings. It has already been men- 
tioned in a previous section that for the supersonic-edged 
plan form having a straight trailing edge normal to the free- 
stream direction, the use of strip theory is exact in calcula- 
tions for the lift due to arbitrary deformations of the surface. 
Hence, for this type of plan form one can calculate the lift 
at a given spanwise station as though the station were a 
two-dimensional surface undergoing the same motion. The 
reduction of the problem to one involving only two spatial 
dimensions then opens the way for use of the three-dimen- 
sional steady-flow analogy to solve the problem in the same 
manner as was done previously for the response of the 
two-dimensional tail to the two-dimensional vortex system. 

As an illustration of the use of these principles, we con- 
sider two cases involving the response of a tail of triangular 
plan form; first to a vortex system having a span greater 
than, and second a span less than the span of the tail. 

Case 1; 2mc,<s.- 

Referring to the notation of figure 50, let us fix attention 
to a spanwise station y, and examine the normal velocity 
distribution encountered by chord cl(y) of the tail as it passes 
through the region of disturbed flow caused by the left-hand 
trailing-vortex loop. For the particular chord chosen, the 
geometry of its experience in time and space is illustrated 
in figure 5 1. 

As seen on the figure, in virtue of fixing y, the boundaries 
of the sound wave appear as one branch of a hyperbola. 
Within the hyperbola, the flow is of the t.ype defined by 
w(1) of equation (62); whereas to the left of the hyperbola 
but within the trace x=Py--Mot, t,he flow is constant along 
lines parallel to the leading edge of the section, being of 
type III of equation (62). Elsewhere, the flow is zero. 
No&, in view of the validity of the strip-theory formulation 
we consider the chord c,(y) as being t.he chord of a two- 
dimensional tail, subjected to the normal-velocity distribu- 
tion w(x, t; y), where y is treated as a constant. Then, 
invoking the three-dimensional steady-state analogy, the 
problem is to find the steady-state section lift as a function 
of t (the coordinate t is now the streamwise axis) on the 
equivalent sweptback tail shown in figure 51, which is sub- 
jected within the shaded boundaries to a normal-velocity 
distribution given by equation (62). 

Up to this point, the formulation of the problem has 
involved no approximations. Kow, however, rather than 
attempt to solve the above problem rsactly (which is in 
truth even now a formidable exercise in integration) we 
introduce a simplifying approximation based on the nature 
of the normal-velocity distribution. It has been mentioned 
that the antisymmetric part of the normal velocity caused 
by the trailing-vortex loop contains no singularities other 
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FIGURE 50.-Definition of notation used in calculating section lift 
response to normal velocity of trailing vortex loop. 

x 

FIGURE 51 .-Boundary conditions at a spanwise section of the tail. 

than those on the path of the trailing vortex itself. It can 
also be said that with respect to an observer moving with the 
chord cl(y) the magnitude of the antisymmetric flow grows 
uniformly from zero at one boundary of the sound wave 
to the steady-state value at the ot#her boundary. These 
statements are illustrated in figure 52 for the region in 2, 
t, occupied by the tail chord cl(y) of figure 51. 
Thus, from inspection of figure 52 it can also be stated that 
the response in lift cz(Z+&(y), cl(y), t) must start from zero 
at time t,(y) (see fig. 51), and also grow uniformly to its 
steady-state value, which is attained at time h(y). More- 
over, it can be shown that if w is continuous along lines 

FIGURE 52.-Normal velocity distribution due to trailing vortex loop 
at a spanwise station of the tail. 

parallel to the leading edge the slope of the response curve 
must be zero at both times tl and t2. 

The steady state lift Zl(Z+&(y), cl(y)) which is attained at 
time t2 can be computed exactly, and the times tl and t2 are 
obtained easily from the geometry of figure (51). It there- 
fore seems reasonable simply to approximate the response 
curve by a variation that grows uniformly with time and 
fits the end conditions correctly in magnitude and slope. 
One such curve can be written in the form of a cubic equation 
in t, and gives, 

~l@fEl(Y),Cl(YN [t2;y;:$Y)]z { 34 t,;y~A$y)]} (63) 

where, for the conditions of figure (51), 

My)= 
~ov+~I(Y~1-~--P2Y2 

P2 

tz(Y) = 
M,(z+c,)+ J(z+co)2-p2y2 

P2 

azV+h(Y), cl(Y),,=-& $$ { J(z+cJ2-PY2- 

pycos-1 e. -J 
( > 

PY 
[~+El(Yr+-P”Y”+~Y MS1 z+t;l(y) 

) 

The form of equation (63) can be viewed as being typical 
of the response of any section c(y) of the tail. However, as y 
takes on all va.lues from one tip to the other, the equations for 
tl, t2, and El may change from type to type in different span- 
wise intervals, depending on the Mach number and con- 
figuration geometry under consideration. Referring, for 
example, to figure 50, it is clear that a section of the tail near 
the right-hand tip may be completely untouched by the 
normal velocity caused by the trailing vortex; whereas sec- 
tions closer inboard may be touched on only a portion of 
their length. All told, there are five such possible variations 

:,, ,-’ 



32 REPORT 1188--NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

in the boundary conditions and these are listed in Appendix where the variation cz(Z+E(y), c(y),t) is again given by 
D, together with the corrtisponding values of tl ,t?, and Cl. equa,tion (63). 

Having determined an expression for the response in lift 
at an arbitrary section of the tail, we may now integrate 
and find the combined response of all sections of the tail to 
the given normal-velocity distribution. Thus, in a manner 
similar to that described previously in connection with cal- 
culations for the response to the two-dimensional vortex 
pattern, we may write, for the response to one trailing vortex, 

c,(t)=;{ J--y+” cl(y)cz(~+fl(Y),cl(Y)~t)cl?J+ 

S 2mc,+R 

Cz(Y)cz(z+Ez(Y),C2(Y),t)~Y mc +R 

> 

(“34 
0 

where the symbols in equation (64) have been defined in 
figure (50). In order to illustrate the nature of the result for 
the response in lift to the trailing-vortex loop, calculations 
based on equations (63) and (64) have been carried out for 
the triangular tail shown on the side of figure 53. The 
results account for the effects of both exterior trailing-vortex 
loops and may be directly added to the response to the two- 
dimensiona. vortex system to give the response to the com- 
plete loop shown in figure 53. The separate responses and 
their combination are shown for comparison on figure 53. 

FIGI-RE 53.-Response in lift of wide triangular tail of aspect ratio 
4 to normal velocity of complete vortex loop. ill,= 1.7. 

Case 2: Bmc,>s.- 
When the span of the trailing vortices is smaller than that 

of the tail, the development outlined a,bove must be amended 
slightly. The effect of the antisymmetric part of the normal 
velocity-distribution may be accounted for, however, by the 
same technique as described previously, and referring to 
figure 54 for definition of the notation, the response in lift of 
the tail to this contribution may be written immediately as, 

CL a?=; -U 
?TG,-R 

c~(y~c~~~+C;l~Y~,~1~Y~,~~~l?J+ 
-R 

s 
ZVlC,-R 

c2(Y~~zI~+52~1J),c2(Y~,t)~Y mc -R 

> 

(65) 0 

FIGURE 54.-Definition of notation used in calculakg section lift 
response to normal velocity of trailing vortex loop. 

Now, it is also necessary to consider the influence of the two- 
dimensional contribution to the normal velocity which exists 
in the region y<O, -t<x<+t. But note, the response in 
lift of the tail to this contribution is simply equivalent to 
minus one half the response of a triangular tail of chord 
R R 
m and tail length Z+cO--, to the two-climensional vortex 

pattern, and, inasmuch as the exact result for this case has 
been obtained in a previous section, it is sufficient to indicate 
the result in coefficient form as 

where the subscript 2 inclicates that the response to the two- 
dimensional vortex pattern is to be taken. The sum of 
equations (65) and (66) then gives the total response of the 
tail to one trailing-vortex loop. To obtain the response to 
the complete vort,ex loop, this result is then doubled and 
added to the response to the two-dimensional pattern in the 
same manner as was done for case 1. 

SUPERPOSITION OF ELEMENTARY SOLUTIONS 

Finally, having obt.ained a solution for the lift at, the tail 
induced by the normal-velocity distribution of the complete 
vortex loop, we wish now to use the solution to build up the 
response to the downwash caused by a three-dimensional 
forward wing. The analysis for accomplishing this task 
closely parallels that described previously for the case of the 
two-dimensional forward wing, and therefore only the final 
result will be given here. Thus, denoting the elementary 
solution by CI(p+,f), where p is the distance from a moving 
vortex to the tail leading edge and s is the semispan of the 
vortex loop, we get, (see figure (55) for definition of notation) 
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FIG~~RE 55.-Defillition of not.ation used in calculating response ill lift 
of tail to prescrihcd A@ distrihlll.ion on three-ditllcnsiolral forward 
wing. 

As in the two-dimensional case, the first term iu squation (67) 
accounts for the variation of A+ on the wing, the second, 
for the variation in the wake. It is to be noted that in the 
development leading to equation (67) it is assumed that t,hc 
trailing edge of the forwa,rd wing is straight and normal to 
the free-stream direction. However, wings having other 
than st,raight t#railing edges can be treated by the same 
equation by considering as part of the wing point’s in the 
wake between the wing trailing edge and the rearmost 
spanwise axis passing through t,he wing. 

APPLICATION OF REVERSE FLOW THEOREM 

We have devoted several sections to the derivation of 
methods whereby the tail lift response can be calculatecl for 
certain restricted cases. The possibility still exists, however, 
that these results can be extended to include still other cases 
which do not lend themselves as readily to analysis. The 
question may be asked, for instance, whether a relationship 
exists between the response in lift at the tail to the essentially 
two-climensional normal-velocity field shed by a large-span 
rectangular wing and the analytically more difficult reverse 
situation; that is, the effect of a small-span forward wing of 
fairly general plan form (for which the downwash field is far 
from being two-dimensional) on a large-span rectangular 
tail. Such a relationship can be sought for the more general 
case, involving wing-tail configurations of arbitrary size and 
shape, by application of the reverse-flow theorems for un- 
steady motion developed in reference 27. It will be the pur- 
pose of this section to investigate this possibility. 

To begin, we adopt the notation used in reference 27 and 
also specify that the motion of the wing-tail combination be 
indicial; that is, the combinat.ion is macle to start from rest 
at t=O with uniform velocity V, in forwarcl and reverse mo- 

tion, and boundary conditions for the flow over the surfaces 
are specified only for t>O, being zero for t<O. After the 
combination has moved for a time T in both forward and 
reverse directions, the relationship of the wings and their 
respective coorclinate systems are as shown in figure 56. 

FIGI.RE 56.-(Coordinate systems in forward and reverse motion. 

In figure 56, the subscript 1 denotes the axis system in for- 
ward motion, the subscript 2, the axis system in reverse 
mot.ion, and the wing, wake, and tail have been given the 
symbols a, b, and c, respectively. As may be verified 
from examination of the figure, the s and t axes are related 
by the equalities, 

x2=-x,+{-M,,T 
tz= -t,+ T > 

(68) 

and wc further specify that yZ= --y,. The general reversal 
thcorcm may tllcn br written in the form (see agaiu: ref. 27j: 

P~~(XZ,YZ, Wo,(x~,y~, tzj +p&z,yz, O&,(x,,yz, 2211 &&/, (69) 

where P is the plan form of the combination in the z=O 
plane. It may be noted the normal-velocity functions, 
=t,, EiZ are implicitly dependent on T, the full relationshiT> 
being, 

&,(~a, tz)=w*,(--8+T-M,T,-yz.-tt,+T) 

G,(x,,Y~: tl)=wt,(--zl+~-M,T,-y,,--tl+ T) 

t 

(70) 

i=u, b, c 

Notice further that, since the wake cannot sustain a pressure 
difference, the products p,,;iijb2 and pe2&,, in equation (69j 
may be set to zero. Then taking a derivative with respect 
to T of both sides of equation (69), we get, 
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It is easily verified that a sufficient condition for the disap- 
pearance of the triple integrals in equation (71) is that the 
normal-velocity distributions on the surfaces be restricted to 
those defined by the relations, 

WI (z*,t1; Yl) =f(x1 $-Mot,; Yl) 
(72) 

w2(3&~2; y2) =s(a+n/r,t,; y2) 

Another such condition is simply that wl=O, or u&=0. 
Assuming henceforth that either or both of these conditions 
are in force, the flow reversal relationship for the wing-tail 
combination becomes, 

(73) 
= 

ss ~,2(~22,~2, T)C&2,y2, T)dxdy2+ 

Paz CT 1 

Sow in the present problem, the boundary condit.ions for the 
flow on the wing and tail are simply that in forward motion 
the normal velocity on the forward wing is uniform while on 
the tail it is zero, and in reverse flow we specify that the same 
situation be true. Obviously, these conditions satisfy the 
restrictions imposed by equation (72), and setting Gj,l and 
?i& equal to unity, equation (73) becomes, 

ss 
P&l,YI, T)ddY1= 

ss ~a,(x2,~2,TMx2~~2 (74) 
P,l(T) Pq(T) 

Thus, the response in lift induced on the tail by the 
indicial change in angle of attack of the wing is exactly the 
same as the lift response of the wing due to indicial change in 
angle of attack of the tail in reverse motion. It will be noted 
that the above result applies for wing-tail combinations 
flying at either subsonic or supersonic speeds, and that no 
restriction has been placed on size or shape of the plan forms. 

APPLICATION OF RESULTS TO DYNAMIC STABILITY 
ANALYSIS 

The preceding sections have been concerned with the 
development of methods whereby the variation with time of 
the lift developed at the tail in reaction to the normal 
velocity shed by a forward wing could be estimated. Now, 
having arrived at a fairly rigorous physical understanding of 
the nature of the variation, we will attempt in this section to 
assess the significance of its contribution to the over-all 
dynamic stability of an aircraft. For simplicity, attention 
is devoted to the single-degree-of-freedom rotary-oscillation 
case. 

It has been noted that the oscillatory lift and moment 
equations developed previously for a single wing are still 
applicable for the wing-taiI case with proper interpretation 
of the indicial functions. For supersonic speeds, this re- 
definition was seen to reduce for each indicial function simply 
to the sum of the indicial functions of the wing and tail 
considered as isolated wings and an interference function 
which accounts for the influence of vorticity shed by the 
wing on the development of lift at the tail. Then, denoting 
the interference functions by primed quantities, we conform 
to the notation used in Part I by letting 

Again introduce the parameters, 

number of half 11. A. C. lengths traveled in 
time 7 

k=g reduced frequency 

/25 f’ a c a number of half M. A. C. lengths for inter 
ference function to reach steady-state, 

where the characteristic unit of length C is taken as the wing 
M. A. C. The in-phase and out-of-phase lift and moment 
coefficients for the harmonic rotary-oscillation case then 
follow directly from the form of equations 12 and 14. 
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(76) 

In the same way, the reduction of the above results for 
k<<l to first-order in frequency follows directly from the 
form of equations (13) and (15). There results,12 

term C~&U~) is gen&rally relatively small, and may be 
approximated by replacing the steady nonuniform downwash 
at the tail caused by the pitching velocity of the wing by an 
appropriately averaged effective angle of attack at the 
tail. The term C~,(U~) may then be related to Cm.,(u+) 
by the expression, 

(W . 

The downwash function 3 has been plotted for certain cases 

in reference 28. For other cases, Rjhner indidates in refer- 
ence 29 that a generally suitable expression in terms of the 

iz, . 
more fully investigated quantity x 1s 

0 

(81) 

Thus, combining equations (80) and (81), 

For pitching in the positive sense the effective angle of 
attack at the tail will in most cases be increased, so that 
equation (82) represents a small but stabilizing damping 
moment. 

Consider now the term - S 5; (cp) dp. For axes of rota- 

tion well ahead of the tail, the’form of the pitching moment 

variation Ckm(,) will vary closely as-7 IT a‘@ , where 1, 

may be taken as the djstancz from the steady-state center 
of pressure of the tail to the axis of rotation. Then, recalling 
the general nature of the curves found for tsil lift in previous 
sections, a typical variation OAy((p) can be drawn as shown 
in figure (57). 

FIGURL 57.-Typical response in pitching moment of tail to step 
change in angle of attack of wing. 

With the aid of the first order in frequency results (eq. 
(79)) it is possible to assess the importance of interference 
effects on the damping moment of a wing-tail combination. The term- S u’ Fi(cp)dq is then seen to be equivalent to 

Inspection of equation (79) for the out-of-phase pitching the net shadid area in figure (57). Plainly, it can be of 
moment reveals that the interference effects are contained significant magnitude, and since the steady-state ordinate 

in the term C~&U~) and the integral, - S u’Fi(p) dq. The 
Q&(ui) will most generally be positive, it represents a 

0 potentially large stabilizing damping moment. 

12 It is presumed in equations (75) to (79) that all of the coefficients have been nondimen- It is interesting to compare the interference damping 
sionalized with respect to the same characteristic ares and length. moment given by other theories in terms of the result given 

I 
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by the integral 
s 

u’ Fi ((p)dq. Most of these theories (c. f., refs. 

12, 28, and 10)Oare similar in that they recognize that an 
.out-of-phase lift at the tail is caused by the fact that a 
finite time is required for the normal velocity shed by the 
wing to reach the tail. The normal velocity at the tail, 
which is usually taken to be the normal velocity in steady 
flow, is then usually averaged to form an effective angle of 
.attack, and the damping moment cast in a form which may 

be represented in the present notation as-2G 3 C,=, (a,+.). 

Now this result may also be interpreted as an kea, being 
in fact the area of a rectangle having as ordinate the quan- 

tity-:GO Cm,+ (~J~J. But note that this ordinate is equal to 

the ordinate C&(a:) in figure 57. Thus, it can be said 
that the classical “lag in downwash factor” is essentially 
correct but depends for its accuracy almost, entirely on the 

proper choice of the effective tail length g. In reference 

12, the length I’ is chosen to be the mean distance between 
the tail and the wing. Thus, for rectangular plan forms, 

21’ . and in the notation of figure 34, the effective length c IS 

Gv+c*+2<* 
if The clamping moment is t,hen equal to 

W, cm ( 
cw+cz7+2i- -_ 

CYV, 9 c ,> 
) and its equivalent area is com- 

‘C” 
pared with the area 

J 
F;(cp)dp in figure 58. 

0 

s sf 
FIGI.RE 5S.--Comparison of area ’ F;(b)& with clasical lag-iu- 

downwas~~ factor. 

It, can be seen from examination of figure 58 that the simple 
representation of the tail length is in this case surprisingly 

21’ -accurate, since the length T is so situated that the area 

marked a representing a stabilizing contribution is in large 
part canceled by the destabilizing contribution, area b. 
Further, it may be argued that this will be true for a large 
number of cases. The reasoning is as follows: Referring to 
figure 58, we see that the use of the simple tail length will 
be essent,ially correct so long as the number of half-chord 

21/ . lengths 7 is close to the value of ‘p at which t,he pitching- 

moment. variation changes sign, for then the areas a and b 

tend to cancel. But the pitching moment will be near 
zero when the tail is so situated in the normal velocity field 
from the wing that it experiences equal amounts of upwash 
and downwash over its surface. Reference to figure 59 
shows that this will occur when the tail is approximately 
midway between the st,arting vortices from the wing lead- 
ing and trailing edges. 

FIGURE 59.-Sketch showing t ime at which tail experiences approsi- 
mately equal amounts of upwash and downwash. 

The time ? when this occurs may be calculated to be 

“‘zva 
‘( {f%+? and, after converting to half-chords 2 a>7 

of travel, we get cp = 
( 

2i-+Gv+cT 
2 > 

7 which is just the value 

of the effective tail length, F. 

It should be rema.rBed that the above conclusion regarding 
the validity of the “lag-in-downwash” factor differs somewhat, 
from that of Martin, Diederich, aed Bobbitt (ref. 2s). 
These authors treat several wing-t’ail cases by direct consiclera- 
tion of the effect on the lift at the tail of the downwash shed 
by a forward wing which is plunging downward with uni- 
form acceleration Cr I/,. For values of cp 2 ui, t,heir results foi 
CL+ and C,. due to interference should therefore be 

UT 

equivalent to those of this report for the areas - S’ q’ F ; (cp) &Q 0 

and - 
s 

o&q&7. It is found. in reference 28 on compar- 
0 

ison of some of the results with those derived from the 
simpler lag-in-downwash theory that the latter theory 
generally gives accurate results when the axis of rotation is 
near the wing centroicl of area. On examination of the 
equations used for the simplified theory in reference 28, 
however, it is noted that the effective t.ail length (denoted 
1’ in this paper) is taken to be the distance between the tail 
center of pressure and the axis of rotation, which we have 
called Zr. With this representation, the out-of-phase tail 
lift and moment coefficients due to interference may be 
written (in the notation of this paper) as, 

(83) 
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I 

whereas, by the results of the present analysis, they are, 

The two sets of expressions agree when 1’ and 1, are. equal, 
and, as noted in reference 28, the simple theory gives good 
results for just the conditions corresponding to this case. 
For other cases, however, it is believed that equations (84) 
are more representative of the physical situation, and should 
extend the range of validity of the simple theory beyond 
t,hat indicated in reference 28. 

Another case is pointed out in reference 28 for which the 
simple theory breaks down, that is, when the forward wing 
is two-dimensional, or of large span. The results of this 
analysis tend to confirm this conclusion, since for the large- 
span wing, the downwash in steady flow is near zero. Cor- 
respondingly, the steady-state interference lift of .the tail 
is near zero, which means that the relative magnitudes of the 
peaks of the detailed indicial response curve (which are 
ignored in the simple theory) play a prominent role in 

determining the magnitude of the area 
s 

u&o)dp. 
0 

PART III 

EFFECT OF NONLINEARITIES 

In this final section we depart from discussion of the use of 
the indicial-function concept in dynamic-stability analyses 
to consider a problem which may have pertinence to per- 
formance characteristics under certain nonlinear flow con- 
ditions. The problem is: given a flight condition in which 
the variation of the airfoil’s static restoring moment is non- 
linear with respect to the angle of attack, what effect has 
the nonlinearity on the rotary damping-moment coefficient? 
The question is of especial pertinence to dynamic-stability 
problems of aircraft operating under separated-flow condi- 
tions, since it is well known t.hat one effect of flow separation 
is often to cause significant departures from linearity of the 
static-restoring-moment curve. A common type of non- 
linear pitching-moment variation is that shown bv the family 
of c&es in figure 60, and it is this type which wil 
sidered here. 

.l be con- 

,a 

FIGURE 60.-Family of nonlinear static pitching-moment curves. 

In order to attack the problem, we again require that the 
plunging velocity of the aircraft center of gmvity be zero and, 
furthermore, assume that the nonlinear restoring moment 
is a function only of the instantaneous angle of attack. The 
characteristic differential equation governing the motion may 
then be written as, 

I;;.-t{(cY, ci)ci+K(a)a=O (85) 

where I is the moment of inertia, [(LY, &) represents the damp 
ing coefficient as a nonlinear function of angle of attack and 
angular velocity, and K(Q) is the restoring-moment coefficient. 
as a nonlinear function of angle of attack. 

Nest, we contend that the departures from linearity of the 
rest.oring moment curves K(a) are caused primarily by flow 
separation, so that in the absence of separation the curves 
would be nearly linear. In any case, however, a given 
restoring-moment variation can be broken into two parts; 
one linear, and given, say, by the results of linearized-flow 
theory, the other, a nonlinear variation of such magnitude 
as to combine with the linear variation to give the observed 
curve. These statements arc illustrated in figure 61. 

\ 

FIGURE 61.-Breakdown of pitching-moment curve into linear and 
nonlinear components. 

It must be noted that the restoring-moment curves shown 
in figures 60 and 61 are presumed to be taken from the 
results of static wind-tunnel measurements, where the angle 
of attack is simply the angle between the chord-plane of 
the wing and the free-stream direction. When the wing is 
oscillating, however, each point .$ measured from the axis of ro- 

tation experiences an additional a.ngle of attack $, due to the 

angular velocity. Then if the steady-state pitch&g-moment 
variation presumed to be caused by flow separation (curve 
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(c) in figure 61) is approximated in the operat.ing angle-of- 
attack range by, 

C,(a) =aa-bBa3 

in the unsteady case it is 

where now E is assumed to be the distance from the axis to 
the point at which the additional lift due to separation is 

concentrated. Now, since for slow frequencies, $ is much 

smaller than a, all but first-order terms in dr are Neglected, 
so that equation (86) becomes 

C,=ah- bay+% (a--3b2) 

The characteristic equation of motion then becomes 

(87) 

(88) 

where (Cmp+Cmg) and (C,,J are the (constant) stability 
derivatives which would be present alone in the absence of 
separation. Thus it appears that even if the nonlinearity in 
the static restoring moment is of small magnitude, neverthe- 

less the possibility still remains that the’ damping moment 
can be profoundly affected in the event that (C~p+C,,J is 

sufficiently small. Notice that when (CmQ+CWJ+2+ is 

greater than zero, and if the nonlinear term in the restoring 
moment can be ignored in equation (88), that equation then 
takes on the form, 

&26dr(l-&)+K%=O (89) 

Equation (89) is then recognized as being the well-known 
Van Der Pol equation of nonlinear mechanics. It is evident 
that for small values of LY. the damping term is negative, lead- 
ing to a divergent oscillation, whereas for larger cx the damp- 
ing term is positive. A stable regime therefore will exist 

near ,=-I, and oscillations of either large or small ampli- 
& 

tude will converge to that regime. 
Hence, the result of this analysis would appear to indicate 

that nonlinearities in the variation of restoring moment with 
angle of attack of the type shown in figure 60 may have the 
effect of promoting self-sustained rotary oscillations of small 
amplitude in cases where the damping moment existing 
under unseparated flow conditions is small. 

AMES AERONAUTICAL LABORATORY 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

MOFFETT FIELD, CALIF., Aug. 16, 1954 



APPENDIX A 

RESPONSE IN LIFT OF TWO-DIMENSIONAL TAIL TO TWO-DIMtiNSIONAL VORTEX SYSTEM 

The results for the section lift response to the two-dimen- 
sional vortex field are listed below, together with the limits 
of the intervals of “time” t within which the results are 
applica.ble. The intervals have been illustrated graphically 
in figure 38 of the text. 

Interval 1, 

Interval 2, l-kc 
MO+1 4t’Mo+l MO’-1 

L+-- 

Interval 3, -I+c ~ 1 
n/i,+1 MO-1 ‘t%fo-l 

!!2 (I, c, t)=““l (1, t)+7r u 

Int.erval 5, -L+e - h-c 
MO--l MO+1 It’ MO-l 

where 

and 

& cos-’ (J$$$pos-YK,,} - 

J;‘n,da-S.,‘n,da 

41-a’ 
n’=a(a+Mo) cos-y- 6,) 

n2= (a+‘MJ log ( 
l+ael+J1--a2-JI 

Ia+ Ql > 

el&-z+M,) O&t--c)-MA 
b+Mo)t--l 

K=(l+MJ (I-Mot)+M,c 
t(l+MJ-c 

Kl= 
(I-M,)(1-M&--Moe 

t(l-Mo)+c 

These results may be transformed in terms of either true 
time t’ or number of half-chord lengths of travel cp by the 

substitutions t=a,t’ or t=2s, respectively. 
D 

39 
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APPENDIX B 

RESPONSE IN LIFT OF TWO-DIMENSIONAL, RECTANGULAR, AND WIDE TRIANGULAR TAILS TO TWO-DIMENSIONAL VORTEX 
SYSTEM-GUST ANALYSIS 

Approximate solutions for the responses of two-dimension- 
al, rectangular, and wide triangular tails are listed below. 
Solutions were obtained by means of a gust type analysis, 
explained in the text. The indicial gust functions used in 
the analysis are those obtained from references 3, 5, and 6. 

TWO-DIMENSIONAL TAIL 

1 
Interval 1, __ 1-i-c ~ 

Al,+1 Iti M ,+l 
2 (1, t)=K(l, t) 

Interval 2, & <ts A+$-7 
0 0 D 

2 (&C, t)=K(l,t)-K&T)- 

Interval 3, 

%  
; (z,C,t)=K(z,t)-K(z,7)- 

where 

K(l,t)=T 
{’ 

, t2-(z-A40t)“- 
1 

and 
2A+ g=-- 

T2VoC 
RECTANGULAR TIP REGIONS 

+ (z,c,t)={(z,t)-@p i-K 7) 

40 
---. _. ..-.. 

& log 
( 

t+,/t2-(Z-Mot,’ + >I 
;,; cos-l (~:!i)+-~) ;,t’-(&Mot)2,) 

and T=t-n40c+ 1 

The response for the rectangular tail may be formed by 
direct addition of the solutions given above. 

WIDE TRIANGULAR TAIL 

Interval 1, 
1 Z+CO 

,40+l~t%o+l 
3 (Z,t)=s(Z,t) u 

Interval 9 *A<t< ’ 
-’ MO,+1 - - A4o+l+M:b 

I 
c+ (z,c,,t)=a(z,t)-a(l,~)+~st-~ rid& 

Mofl 

Interval 3, ,$l+$yl St 0 0 
e, 

!+ (i,e,,t)=s(z,t)-s(z,.,)+2~s~’ II& 
Ai.+1 

where, 

S(Z,i)=F { (Z4$)[,‘$CZ;J&~- 

& log (“++v-&& ‘)]+$ [$ cos-’ (MO-q)- 

(MO-y) ,Itz-(Z-A4ot)‘]} 

l-r+ cos-l (!!)+ 

(co-A&) cash-‘( ,M~::-o,)]““-“‘l~~~~~~-t1~]2 

.=t-$+l’ 2A4, fJ=- 
T2V,C, 



APPENDIX C 

RESPONSE IN LIFT OF APEX-FORWARD AND APEX-REARWARD WIDE TRIANGULAR TAILS TO TWO-DIMENSIONAL VORTEX 
,- i ~,.. - ,=, ,. SYSTEM 

Exact solutions for the responses of apex-forward and 
apex-rearward wide triangular tails are listed below. Solu- 
tions were obtained by the application of strip theory. 
The section-lift response used in the analysis has already 
been presented as Appendix A. 

APEX-REARWARD TRIANGULAR TAIL 

Interval 1, 1 l-!-CO 
Mofl ‘t’Mo+l 

I- Mot 

ItI, da 

Interval 2, L+I <t< -L+c, A40+1- -A40+1 MO-1 

CL, 
I- .v,t 

’ t c V,co,t)= 
J 1 

-TI,cZa+~’ rr,da+l* &da 

Interval 3, -.L+LL 1 
MO+1 h&--l =Mo--l 

I- AI,1 

Intrrval 4, I --<t< - !.L,.m5-. 11//,-l- --k&-l Mall 

Interval 5, I-+&- <t< I+c, 
MO-1 A40+1- -MO-l 

2 (bJ)=~%zdu+~~’ IIlda+j;;’ &da 

where 
7r l-a’ J 

TI”=a(a+MJ ’ -: c 1 
n1=-J1--a2 CY 

___ - Cl cos-’ (-EJ+JFq ab+Mo) co I 

l+ael+&=&/l-C12 
lU+EIl + 

&?a ~ - cos-1 (- .J] (a+M) co 
and, 

El= Mocr-(a-FM&, 
ff 

a=(a+M,)t-1 

a,= a--co 
,=(l+MN--Mot)+Moco 

O+M&-co 

KI= 
(l-M,J(Z-Mot)-Mot, 

Cl-M&-l-c, 

The integral S a: &da may be evaluated easily, and gives, 

S 

“2 
&da= ” 

a’1 
Mo[-log(l+~~)-~cos-‘(~)+ 

M ” cos-l Co)] 1.1 c [Cl-A4& log (q$q+ 

A4J -\ii=z+pz cos-’ ( &$-n4oz cos-1 kq: 

APEX-FORWARD TRIANGULAR TAIL 

The form and int,ervals of t,he results for the apex-rearward 
tail also applJ7 to the apes-forward tail. The terms &, 
ITI, Hz, erc, of course, tliffcrent, and these are listed below. 

lT*=-ig&) [; cos-’ C---1)$ 
* 0 

(a+MJ ,og QII 
( 

l+aa~+Jl-a2y’l-e1~ 
co 41-a’ IaS4 >I 

~(*gg]log ( 1+aq+ WJl-e12 la+ell -)-$g} 

Evaluation of S a2 
5 

IL da gives, 

S a2 
a1 

II,&=& 
0 0 [ Mot.&-a’+(Z-Mot) log 

p1 cos-’ (S)- M,Z cos-1 (a., 1 I”: 
41 

. 



APPENDIX D 

BOUNDARY CONDITIONS AT THE TAIL DUE TO PENETRATION OF VELOCITY FIELD OF TRAILING-VORTEX SYSTEM 

The boundary conditions at a spanwise section of the tail 
due to the tail’s penetration of the normal-velocity field 
created by a trailing-vortex loop are illustrated below. The 
five types of conditions are those possible at various sections 
of the tail due to its shape and its position with respect to 
the moving and trailing vortices. 

Case 1, yIZ+-C;(y) 

‘--x=/+E(y)+co+/wot 

-____-_ 

t 
1 
=Mov+4)- J(~+w-P”y2 

P2 

22 t 
2 
=Mo(z+~+c)+ 4G+t+42--P y 

P2 

C&J= -- ; &&  f[“(l+ E  +C)2-P”y’-J(~+E~2-~2y2+ 
0 

py(cos-1 &-cos-1 &)] 

Case 2, 

or 

h=y 

t 
2 

=Mo(~+~+c)+ J(z+.i+f42-P2Y2 

8” 

S2) = -2 LA!- r p sJrvoc y 
II 

~~~+e)"-p'y2-J(z+E)2-p2y2+ 

~y(cos-l&--cos -1 PY . 
z+t+c 11 

Case 2(a), z+i+c I-+( 
M-<YI-- 0 P 

t =M@+F+c)- VmTw--P2y2 
1 

P2 

t 
2 

=Mo@+E+e~+ d&t+~Y-18~y~ 

P2 

C’ase 3, 
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t1=y 

t 
2 
_M,(Z+~+C)+~~+~+C)~-PZY~ 

P 

.A -.!EL 1 
a)= p 2ir77,c y [I 

~(z+.$+cp--p2y2--/9y cos-l&c] 

t =M,(Z+E+C)-Y’(~+~+C)*-~~Y~ 
1 P’ 

&(t2)=-4 AC 1 
P 2aVoc y [ 

PY > (1+5+c)2--p2y2--py cos-’ ___ 
z-kt-b 1 
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